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Abstract

This thesis explores a new context for operadic calculus adapted to the study of complex man-
ifolds or, more abstractly, of bidifferential bigraded algebras up to pluripotential weak equiva-
lences. These are equivalences governed by Bott-Chern and Aeppli cohomologies.

In the first chapter we study the symmetric monoidal model category of bicomplexes with
pluripotential weak equivalences. We introduce a functor from cochain complexes to bicom-
plexes, called the inflation functor, which sends quasi-isomorphisms to pluripotential weak equiv-
alences. We show this functor is part of a Quillen adjunction. Its right adjoint is a well-known
construction in complex geometry, which gives a sheaf-theoretic presentation of Bott-Chern and
Aeppli cohomologies. We prove this functor is symmetric monoidal.

In Chapter 2, we develop pluripotential operadic theory. In particular, we compute minimal
models of operads with respect to pluripotential weak equivalences. We present two methods:
the first constructs minimal models inductively via free extensions, while the second uses the
inflation functor to obtain minimal models through Koszul duality. These methods allow us
to define pluripotential A∞-algebras, i.e., algebras over the minimal model of the associative
operad. We then establish a pluripotential homotopy transfer theorem for bidifferential bigraded
algebras. Moreover, we prove commutative, unital, and cyclic versions of this homotopy transfer
theorem.

In Chapter 3, we test the previous constructions in the study of complex manifolds. First,
we show that the homotopy transfer theorem for bidifferential bigraded algebras provides a ho-
motopical framework for the theory of Massey products in Bott-Chern and Aeppli cohomologies,
defined for any complex manifold. In the case of compact Kähler manifolds, we use Hodge theory
to produce canonical pluripotential A∞-structures on the space of harmonic forms and use these
to obtain results of strong formality, a notion of formality naturally arising when considering
pluripotential weak equivalences.
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Resum

Aquesta tesi explora un nou context per al càlcul operàdic adaptat a l’estudi de varietats com-
plexes o, de manera més abstracta, d’àlgebres bigraduades bidiferencials llevat d’equivalència
feble pluripotencial. Aquestes són equivalències governades per les cohomologies de Bott-Chern
i d’Aeppli.

En el primer capítol estudiem la categoria de models monoidal simètrica de bicomplexos amb
equivalències febles pluripotencials. Introduïm un functor de la categoria de complexos de coca-
denes a la categoria de bicomplexos, anomenat inflation functor, que envia quasiisomorfismes a
equivalències febles pluripotencials. Demostrem que aquest functor forma part d’una adjunció
de Quillen. El seu adjunt per la dreta és una construcció ben coneguda en geometria complexa,
que proporciona una descripció en termes de feixos de les cohomologies de Bott-Chern i d’Aeppli.
Finalment, provem que aquest functor és monoidal simètric.

En el capítol 2, desenvolupem la teoria operàdica pluripotencial. En particular, calculem
models minimals d’opèrades respecte a les equivalències febles pluripotencials. Presentem dos
mètodes: el primer construeix models minimals de manera inductiva mitjançant extensions
lliures, mentre que el segon utilitza l’inflation functor per obtenir models minimals mitjançant
la dualitat de Koszul. Aquests mètodes ens permeten definir àlgebres A∞ pluripotencials, és
a dir, àlgebres sobre el model minimal de l’opèrada associativa. A continuació, establim un
teorema de transferència homotòpica pluripotencial per a àlgebres bigraduades bidiferencials.
A més, també provem versions d’aquest teorema de transferència homotòpica per a àlgebres
commutatives, unitàries i cícliques.

En el capítol 3, apliquem les construccions anteriors a l’estudi de varietats complexes. En
primer lloc, mostrem que el teorema de transferència homotòpica per a àlgebres bigraduades
bidiferencials proporciona un marc homotòpic per a la teoria dels productes de Massey en les
cohomologies de Bott-Chern i d’Aeppli, definits per a qualsevol varietat complexa. En el cas de
les varietats Kähler compactes, utilitzem la teoria d’Hodge per construir estructures A∞ pluripo-
tencials sobre l’espai de formes harmòniques, i les fem servir per obtenir resultats de formalitat
forta, una noció de formalitat que apareix de manera natural en considerar equivalències febles
pluripotencials.
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Introduction

On a smooth manifold, we can consider several additional geometric structures that refine known
topological invariants and, in some situations, restrict the topology of the manifold.

A primary example is that of an almost complex structure on a smooth manifold M . This
is an endomorphism J : TM → TM of the tangent bundle such that J2 = −id. This mimics
multiplication by

√
−1 and gives the manifold a structure locally resembling a complex vector

space, though not necessarily arising from complex coordinates. An almost complex structure
J is said to be integrable when its Nijenhuis tensor vanishes. By the Newlander–Nirenberg
Theorem, this condition is equivalent to the existence of a holomorphic atlas inducing J , in
which case M is said to be a complex manifold. Almost complex structures force the manifold
to be even-dimensional and orientable. In fact, the obstructions for a compact manifold M to
admit an almost complex structure are purely topological. They are measured by characteristic
classes and are fairly well understood. However, the boundary between almost complex and
complex manifolds remains mysterious: in real dimension two, every almost complex structure
is integrable. In dimension four, there are examples of almost complex manifolds not admitting
any integrable structure. The main gap appears in real dimension ≥ 6, for which there is no
known example of an almost complex manifold not admitting any integrable structure. Yau
[Yau24] conjectured that such examples should not exist.

A related geometric structure, arising from a different but compatible viewpoint, is that
of a symplectic form. This is a closed, nondegenerate differential 2-form ω on the manifold.
Every symplectic manifold admits a compatible almost complex structure J , in the sense that
ω(., J.) defines a Riemannian metric. The converse is not true, as evidenced by direct topologi-
cal obstructions. For instance, even Betti numbers of compact symplectic manifolds are always
non-zero, as the symplectic form represents a non-trivial cohomology class [ω] ∈ H2(M ;R)
whose powers [ωk] ∈ H2k(M ;R), for 2k ≤ dimM , are also non-trivial. Other strong topolog-
ical constraints arise from the theory of pseudoholomorphic curves and gauge-theoretic tools
[Gom01].

When the compatible almost complex structure J on a symplectic manifold (M,ω) is inte-
grable, we obtain a Kähler manifold. Compact Kähler manifolds satisfy strong cohomological
constraints, including the Hodge symmetries and the hard Lefschetz theorem, leading to a far
more rigid topology than that of general complex or symplectic manifolds. In particular, all
odd-degree Betti numbers are even. From a homotopical perspective, the Formality Theorem of
Deligne, Griffiths, Morgan, and Sullivan [DGMS75] asserts that the rational homotopy type of
any compact Kähler manifold is entirely determined by its cohomology ring.

Beyond the restrictive Kähler setting, the geometry of complex manifolds becomes more
intricate and less structured. One approach to studying non-Kähler manifolds is to endow them
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Introduction

with metrics weaker than Kähler, such as balanced, Vaisman, Gauduchon, or strong Kähler
with torsion (SKT) metrics, as well as related Kähler-type conditions, in an attempt to extend
properties from the Kähler setting to a wider context.

The preceding overview motivates the following general problem at the intersection of Alge-
braic Topology and Geometry:

How do geometric structures reflect on the homotopy type of a manifold?

A very first stage to address the above question consists in transforming geometric data into
algebraic data in order to refine cohomological and homotopical invariants. The resulting refined
invariants can then lead to two further directions: on the one hand, they can be used in the
classification of geometric structures; on the other hand, such homotopical refinements can yield
new topological obstructions to the existence of certain geometric structures.

In this thesis, we address this question in the case of complex structures, focusing on their
real homotopy types, which are encoded by the de Rham algebra of the underlying smooth
manifold. Evidently, we are not the first to think about this particular problem, and there are
multiple results in the literature in this direction. In particular, there exist refinements both at
the level of cohomology and at the level of rational homotopy types, adapted to the complex
manifold setting that we review below.

A common starting point in all these refinements is the decomposition

AndR(M ;C) := AdR(M)⊗ C =
⊕

p+q=n
Ap,q,

of the complexified de Rham algebra of differential forms of a complex manifold M . Under this
decomposition, the exterior differential splits into two components d = ∂+∂̄ of bidegree (1, 0) and
(0, 1), respectively. The fact that d2 = 0 implies ∂2 = 0, ∂̄2 = 0, and ∂∂̄ = −∂̄∂. In particular,
we obtain two anti-commuting differentials, forming a bicomplex (also called double complex in
the literature). From such an object we can compute several cohomological invariants. The first
obvious and most classical is the de Rham cohomology, so the cohomology with respect to the
total differential d. We can also consider cohomology with respect to one of the operators ∂ and
∂̄. These are symmetric viewpoints with respect to complex conjugation, but the connection
with holomorphic forms has historically shifted the balance towards the study of ∂̄-cohomology
H∗,∗
∂̄

(M), called Dolbeault cohomology. Dolbeault proved a holomorphic version of the de Rham
theorem in the complex setting, showing that Dolbeault cohomology is isomorphic to the sheaf
cohomology of holomorphic p-forms [Dol53]. This analytic invariant is related to the topology
of the manifold through the Frölicher spectral sequence. The latter is the spectral sequence
associated to the Hodge filtration, defined as the column filtration on the decomposition of
complex forms:

F pA∗
dR(M ;C) =

⊕
j≥p

Aj,∗.

It satisfies E∗,∗
0 = (A∗,∗, ∂̄) and E∗,∗

1 = H∗,∗
∂̄

(M). Moreover, it converges to the complex de
Rham cohomology HdR(M ;C). In particular, this spectral sequence interpolates between com-
plex analytic information and purely topological information. Its E∞-page may be viewed as a
refinement of de Rham cohomology.
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Beyond the Frölicher spectral sequence, the bicomplex structure allows for two further natural
cohomology theories: Bott-Chern [BC65] and Aeppli [Aep65] cohomologies, defined by

H∗,∗
BC (M) := Ker∂ ∩Ker∂̄

Im(∂∂̄)
and H∗,∗

A (M) := Ker(∂∂̄)
Im∂ + Im∂̄

.

Bott-Chern and Aeppli cohomologies are especially interesting biholomorphic invariants for non-
Kähler manifolds. By definition, these cohomologies are closely related to metrics such as
balanced, Gauduchon, and SKT metrics, mentioned above.

The identity map induces natural transformations between these cohomology theories as
depicted in the following diagram

H∗∗
BC

H∗∗
∂ H∗

dR H∗∗
∂̄

H∗∗
A

where the horizontal double arrows denote the row and column spectral sequences mentioned
before, the Frölicher spectral sequence and its symmetric counterpart. When all these maps
are isomorphisms, the manifold is said to satisfy the ∂∂̄-property. The Formality Theorem for
compact Kähler manifolds is proven through this property.

Since both differentials ∂ and ∂̄ are derivations for the wedge product, the complexified
de Rham algebra becomes a commutative bidifferential bigraded algebra (cbba for short). These
are the objects we aim to study as a refinement of real homotopy types. In order to develop a
homotopy theory for this refinement, a next step is to choose a suitable class of weak equivalences.

In view of the above diagram, a first obvious choice is to study cbba’s with respect to weak
equivalences governed by the middle row. There is classical and significant work done in this
direction: Neisendorfer and Taylor [NT78] considered the class of weak equivalences given by
maps of cbba’s inducing isomorphisms in Dolbeault cohomology and developed a Dolbeault
version of minimal models à la Sullivan, leading to Dolbeault homotopy theory. More generally,
Halperin and Tanré [HT90] developed a theory of filtered minimal models, starting with a filtered
algebra and with the class of weak equivalences given by maps inducing isomorphisms at a given
page of the associated spectral sequence. The theory gives a spectral sequence at the level of
rational homotopy theory, connecting Dolbeault and de Rham homotopy groups.

Recent developments in the study of complex manifolds are related to the consideration
of the class of pluripotential weak equivalences [MS24], [Ste25a], [CLW25], [CGVSG25]. These
are defined by those maps of cbba’s inducing isomorphisms in both Bott–Chern and Aeppli
cohomologies, and are the strongest ones one can extract from the above diagram while keeping
the homotopical flavor. In [Ste25a], Stelzig develops a theory of minimal models à la Sullivan for
such weak equivalences. Again, this theory refines the complex homotopy groups of a complex
manifold with analytic information. The notion of formality associated to pluripotential weak
equivalences turns out to be obstructed by certain Massey-like triple products, called ABC-
Massey products. These were introduced by Angella and Tomassini in [AT15] for Bott–Chern
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and Aeppli classes and their study has become an active field of research [ST22], [PSZ24], [ST24].
Interestingly, some compact Kähler manifolds have non-vanishing ABC-Massey products, and
are therefore non-formal in the pluripotential sense.

A successful approach to study formality, and more generally, homotopy types of differential
graded algebras (dga’s) is through Homotopy Transfer Theory: over a field, one can always
construct a contraction connecting a dga to its cohomology, which induces an A∞-structure on
cohomology, unique up to A∞-isomorphism [Kad80]. This A∞-structure is closely related to
Massey products and encodes the homotopy type of the dga. When applied to the differential
forms of a smooth manifold or, more generally, to the piece-wise linear forms of a topological
space, the A∞-structure is in fact a C∞-structure and encodes the rational homotopy type of
the space.

As an A∞-counterpart of the homotopy theory of filtered algebras developed by Neisendorfer–
Taylor and Halperin–Tanré, in [CSG22], we prove a Homotopy Transfer Theorem for filtered
algebras, endowing any page of the associated spectral sequence with A∞- and C∞-structures.
This addresses the middle row of the diagram of cohomology theories from a homotopy transfer
perspective. In summary, we have the following table:

Free minimal models Homotopy transfer

HdR Sullivan Kadeishvili

H∂ ⇒ HdR ⇐ H∂̄

Neisendorfer & Taylor
Halperin & Tanré Cirici & Sopena-Gilboy

HA & HBC Stelzig ?

This thesis replaces the above question mark with the present 126 pages. Nowadays, operad
theory provides the appropriate framework for homotopy transfer. Here, we develop a new
operadic framework in the symmetric monoidal category of bicomplexes with pluripotential
weak equivalences.

❧ ❧ ❧

In the first chapter, we study the ground category of the thesis: the category BiCok of
bicomplexes over a field k of characteristic zero. This category admits a model structure with
pluripotential weak equivalences [Ste25a]. From the model structure we obtain the notion of
pluripotential homotopy between two morphisms of bicomplexes f and g given by the equation

[∂, [∂, h]] = f − g.

This identity resembles the pluripotential equations ω = ∂∂̄f studied as a complex counterpart
of classical potential equations ω = df . Note that the homotopy in this context is a map of
bidegree (-1, -1).

Cochain complexes split (non-canonically) into indecomposable complexes of the form k or
k

∼=−→ k. Likewise, for any bicomplex (A, ∂, ∂̄), we have a decomposition

A = Asq ⊕Azig
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where Asq is a direct sum of squares, of the form

k k

k k,
∂̄

∂

∂

∂̄

and Azig is a direct sum of bicomplexes of the form

k ,

k

k
∂̄ , k k∂ ,

k

k k∂

∂̄ ,

k

k k

k

∂

∂̄

∂̄

...

In squares and zig-zags, ∂ and ∂̄ are isomorphisms. Note that the composition ∂∂̄ gives zero
on zig-zags. An easy exercise shows that Bott-Chern and Aeppli cohomology vanish on squares
but do not vanish, simultaneously, on zig-zags. This translates to the fact that squares do not
contain interesting homotopical information, whereas zig-zags do. This observation motivates
the definition of a minimal bicomplex: a bicomplex satisfying ∂∂̄ = 0.

As a first result, we establish the existence of a contraction

(A, ∂, ∂̄) (H, ∂, ∂̄)
f

g
h ; with ∂∂̄ = 0 on H,

where f and g are morphisms of bicomplexes such that fg = idH , and h is a pluripotential
homotopy from the identity to gf

[∂, [∂, h]] = idA − gf.

It turns out that H ∼= HBC(A) ⊕ H̃A(A), where H̃A(A) is the cokernel of the map HBC(A) →
HA(A) from Bott-Chern to Aeppli cohomology. Morally, this result implies that, under a choice
of sections, any bicomplex admits its ‘cohomology’ as a deformation retract.

The notion of homotopy introduced above is governed by a shift functor

: BiCok −→ BiCok

given by (A) = ⊗A, where

:=
k

k k

1

−1

is a bicomplex with the bottom left corner sitting in bidegree (-1, -1). This functor has a
homotopy inverse

: BiCok −→ BiCok
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with

:=
k k

k

−1

1

where the top right corner sits in bidegree (1, 1). It is easy to see that they are homotopy inverses
noting that

⊗ ∼= ≃ k.

Therefore, suspending and desuspending in this setting adds meaningless information from the
homotopical point of view. Moreover, the composition of functors

( )n : BiCok → BiCok is ( )n(A) = ⊗n ⊗A,

but ⊗n is again not a minimal bicomplex, and it adds unnecessary information (many squares).
In this thesis, we define a family of bicomplexes { n}n∈Z that generalize the shift functor in a
minimal way. These bicomplexes are defined so that

n ≃ ( )⊗n and -n ≃ ( )⊗n.

These are given, for lower values of n, by

2 =

k k

k k

k ,

·2

·(−1)

·1

·(−2)

−2 =

k

k k

k k ,

·2
·(−1)

·(−2)
·1

−3 =

k

k k

k k

k k .

·3

·(−1)
·2

·(−2)
·1

·(−3)

We use this family to construct the inflation functor

Inf : Chk −→ BiCok
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from cochain complexes to bicomplexes. For a cochain complex (C, d), it is defined by

Inf(C) =

⊕
n∈Z

n ⊗ Cn, ∂ + d̃, ∂̄ + d̃′

 .
The differentials ∂ and ∂̄ correspond to the differentials of the bicomplexes n and d̃ and d̃′

are differentials connecting n ⊗ Cn and n+1 ⊗ Cn+1, given by the differential of the cochain
complex (C, d).

We prove this functor admits a right adjoint, which we identify with a well-known sheaf-
theoretic construction in complex geometry. This construction was originally introduced by
Bigolin [Big69] as a functor from complex manifolds to complexes of locally free sheaves. It
has the property that Bott–Chern and Aeppli cohomologies arise as cohomologies, in certain
degrees, of this complex. The same construction gives a functor B from bicomplexes to cochain
complexes with similar properties. Hodge-theoretic aspects of this functor have recently been
developed in [Ste25b] and [Pio25].

There are other possible embeddings of the category of cochain complexes into bicomplexes,
but the inflation functor is particularly well behaved from the viewpoint of pluripotential homo-
topy theory. Indeed, it sends quasi-isomorphisms to pluripotential weak equivalences, and it is
conservative. Not only that, but it allows us to place the functor B within a Quillen adjunction,
thereby giving its definition a natural homotopical meaning. We prove

Theorem A. There is a Quillen adjunction

Inf : Chk BiCok : B .

Here, Chk is endowed with the projective model structure and BiCok with the pluripotential
model structure of [Ste25a].

Next, we study the monoidal properties of the inflation functor when restricted to non-
positively graded cochain complexes. Concretely, we obtain

Theorem B. The functor
Inf : Ch≤0

k → BiCok

is colax symmetric monoidal. Moreover, for all C and D in Ch≤0
k , the structure morphism ϕC,D

is a pluripotential weak equivalence.

Here, BiCok denotes the category of bicomplexes restricted to the third quadrant, that is,
Ap,q = 0 for p > 0 or q > 0. As a direct consequence of the above theorem, one obtains that the
functor B restricted to third-quadrant bicomplexes is lax symmetric monoidal. A less immediate
step is to compute the explicit monoidal structure, which we also provide.

⋆ ⋆ ⋆

In Chapter 2, we develop pluripotential operadic theory. Our first goal is to define homotopy
algebras in the pluripotential setting. To achieve this, we compute minimal models of operads
with respect to the appropriate notion of weak equivalence, namely, pluripotential weak equiv-
alences. We do this in two complementary ways. First, following the more classical approach
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of Markl, Shnider, and Stasheff [MSS02], we obtain minimal models for any reduced operad
over BiCok adding free extensions inductively. In our setting, the notion of minimal operad is
characterized by cofibrancy together with the condition that elements in the image of ∂∂̄ are
decomposable, that is, a composition of two or more operations. We prove

Theorem C. Let P be an operad such that P(0) = 0 and P(1) = k. Then, there exists a
minimal operad M and a pluripotential weak equivalence M ∼−→ P. The operad M is unique up
to isomorphism.

The second way is through Koszul duality. This takes advantage of the dual category to
operads, that is, cooperads. Koszul operads are operads satisfying the necessary conditions
so that one can compute their minimal model from its Koszul dual cooperad P¡. The Koszul
criterion tells us that a dg-operad is Koszul if its Koszul complex is acyclic. It is clear, thus,
that Koszulity is a property that depends on the chosen class of weak equivalences, which in the
dg case are quasi-isomorphisms. In the pluripotential case, we consider the analogous definition
with the corresponding weak equivalences.

For a quadratic operad P in k-vector spaces, we define its pluripotential Koszul dual cooperad
as

P¡
pp := Inf(P¡),

where P¡ denotes the classical Koszul dual cooperad of P, viewed as a dg operad, and Inf
denotes the inflation functor introduced in the first chapter. The cooperad structure is given by
the cooperad structure of P¡ and the colax structure of Inf.

The pluripotential Koszul dual cooperad allows us to construct the Koszul bicomplex P◦κP¡
pp

of the operad P, which plays the role of the Koszul complex of a dg operad. We prove that, for
any quadratic operad in vector spaces that is Koszul as a dg-operad, there is a pluripotential
weak equivalence

P ◦κ P¡
pp

∼−→ I.

In particular, Koszulity and pluripotential Koszulity coincide for operads in k-vector spaces.
Consequently, the operads As, Com, and Lie, encoding associative, commutative, and Lie alge-
bras, respectively, are Koszul in the pluripotential sense.

We define
Ppp∞ :=

(
T(Inf(sP¡)), ∂, ∂̄

)
as the free operad generated by Inf(sP¡) with two additional differentials. Here, sP¡ denotes
the suspension of the Koszul dual cooperad of P viewed as a dg-operad. We show

Theorem D. Let P be a Koszul operad in k-vector spaces. The operad Ppp∞ is the pluripotential
minimal model of P.

From this, we obtain almost for free the pluripotential minimal models of the operads As,
Com, and Lie, and hence the definition of pluripotential A∞, C∞, and L∞-algebras. A pluripo-
tential version of ∞-morphisms is obtained through the bar construction as follows.

Let now P be an operad and C a cooperad, both in bicomplexes. Given a twisting morphism
φ : P → C, the bar and cobar construction give rise to a pair of adjoint functors

Ωφ : C-coalgebras⇄ P-algebras : Bφ

8
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between the category of C-coalgebras and the category of P-algebras. In the classical setting,
a twisting morphism is an equivariant map of degree 1 satisfying the Maurer–Cartan equation.
Since P and C are (co)operads in BiCok, the degree condition is replaced by the existence of two
components φ10 and φ01 of bidegrees (1, 0) and (0, 1). This refines the classical notion: after
totalization, the map φ = φ10 + φ01 becomes a classical twisting morphism with respect to the
differential d = ∂ + ∂̄.

The bar construction provides an alternative description of Ppp∞ -algebras in terms of two
anticommuting codifferentials on cofree coalgebras. A pp∞-morphism between two Ppp∞ -algebras is
then defined as a morphism between their bar constructions with respect to a twisting morphism
ι : P¡

pp → Ppp∞ . We denote by ∞ -Ppp∞ -Alg the category of homotopy P-algebras (Ppp∞ -algebras)
with pp∞-morphisms. We have

Theorem E. Let P be a Koszul operad in k-vector spaces. There is an equivalence of homotopy
categories

Ho(P-Alg) ∼= Ho(∞ -Ppp∞ -Alg).

Here, the localization Ho is with respect to pluripotential weak equivalences.

As in the dg case, Ppp∞ -algebras do not yield ‘new homotopy types’ of algebras but a new
description of the existing ones.

In the bicomplex context, algebras over the associative operad are bidifferential bigraded
algebras, and algebras over its pluripotential minimal model

App∞ =
(
T(Inf(sAs¡)), ∂, ∂̄

)
are pluripotential A∞-algebras (App∞-algebras for short). Note that the n-ary generating opera-
tions are organized in the bicomplex

2-n :=
. . .

·(n-2)

·(-1)

·1

·(n-2)
n-2

In particular, in arity n, we have n − 2 generating operations of total degree 1 − n and n − 1
generating operations of total degree 2− n.

As expected, App∞-algebras are algebraic structures in which associativity holds up to higher
homotopies. Explicitly, a App∞-algebra is a bicomplex (A, ∂, ∂̄) together with n-ary operations

µp,qn : A⊗n −→ A

for n ≥ 2 and bidegree (p, q) with 1−n ≤ p+ q ≤ 2−n satisfying certain associativity relations.
For instance, there is a single binary operation µ2 of bidegree zero satisfying

µ2(µ2 ⊗ id)− µ2(id⊗ µ2) = [∂, [∂, µ3]].

Here, µ3 is a ternary operation of bidegree (-1, -1). Note that this equation states that µ3 is a
pluripotential homotopy measuring the failure of µ2 to be associative. We prove the following

9
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Homotopy Transfer Theorem.

Theorem F. Let (A, ∂, ∂̄) be a bidifferential bigraded algebra.

1. There is a contraction into a minimal bicomplex

(A, ∂, ∂̄) (H, ∂, ∂̄)
f

g
h ; with ∂∂̄ = 0 on H.

2. There is a App∞-structure on (H, ∂, ∂̄) and a pp∞-weak equivalence g : H ⇝ A.

As mentioned before, H ∼= HBC(A) ⊕ H̃A(A), where H̃A(A) is the cokernel of the map
HBC(A) → HA(A). Thus, this theorem provides a way of encoding the full pluripotential
homotopy type of the initial bidifferential bigraded algebra into its cohomology. When the
algebra satisfies the ∂∂̄-property, H can be chosen to be the Bott-Chern cohomology HBC , and
the binary product µ2 coincides with the induced product on cohomology. In fact, when the
original algebra is commutative, we obtain a Cpp∞ -structure on H.

We also develop the pluripotential counterpart of the theory of cyclic A∞-algebras (see
[Kon93], [Kon94]). Our cyclic version of the homotopy transfer theory is motivated by the
Poincaré-Serre duality theory of complex manifolds.

⋆ ⋆ ⋆

In Chapter 3, we develop two main applications for complex manifolds. The first one is the
explicit link between the ABC-Massey products of [AT15] and our transferred structures: we
prove that transferred Cpp∞ -structures recover these products in arity three. This interpretation
places them in a homotopical framework where higher operations arise naturally.

The second application deals with the two natural notions of formality associated with
pluripotential weak equivalences, that is, weak and strong formality defined in [MS24] and fur-
ther studied in [Ste25a], [PSZ25], [ST25]. A weakly formal complex manifold is a manifold whose
complexified de Rham algebra is connected by a zig-zag of pluripotential weak equivalences to
a cbba satisfying ∂∂̄ = 0, if it satisfies the stronger condition ∂ = ∂̄ = 0, then the manifold is
strongly formal. When the transferred C∞-algebra H satisfies that the operations of arity n ≥ 3
vanish, then the algebra is weakly formal. If the algebra satisfies the ∂∂̄-property, then it is
strongly formal.

On a compact complex manifold M , there is a pairing

⟨ , ⟩ : AdR(M ;C)×AdR(M ;C)→ C

given by integration of forms
⟨α, β⟩ =

∫
M
α ∧ β.

This encodes Poincaré duality. Abstractly, the interaction between algebraic structures and
pairings is well described in terms of cyclic algebras. The algebra AdR(M ;C) is a cyclic cbba in
the sense that

⟨α ∧ β, γ⟩ = (−1)|γ|(|α|+|β|)⟨γ ∧ α, β⟩.

10
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In particular, the composition of the pairing with the product gives a map

AdR(M ;C)⊗3 → C

which is invariant to cyclic permutations of the entries. In the Kähler case, we make use of
Hodge theory to define a contraction

AdR(M ;C) H
h f

g

compatible with the pairing mentioned above. Here, H denotes the space of harmonic forms. We
use this contraction to equip H with a cyclic Cpp∞ -algebra. It is worth mentioning that the wedge
product of harmonic forms is not harmonic in general. However, this procedure equips it with
multiplicative structure. Moreover, the binary operation obtained is an associative product,
since the differentials are trivial on H. Taking advantage of cyclicity, we prove

Theorem G (cf. Theorem 3.5 in [Ste25a]). Any compact Kähler manifold M of complex di-
mension n ≥ 2 with the Hodge diamond of a complete intersection is strongly formal.

This theorem was already proven by Stelzig in [Ste25a] using minimal models. However, our
approach gives a much more direct and concise proof. We hope to further exploit our methods
to prove further formality results in the future.

11





Chapter 1

Bicomplexes

In this chapter, we study the base category of this thesis: the category of bicomplexes BiCok
over a field of characteristic zero. We recall the notion of pluripotential weak equivalence and
related structure properties. We show that any bicomplex admits a contraction into a minimal
bicomplex in the pluripotential sense.

Furthermore, we introduce a functor from cochain complexes to bicomplexes, called the in-
flation functor, which sends quasi-isomorphisms to pluripotential weak equivalences. We prove
that this functor is part of a Quillen adjunction. Its right adjoint is a classical construction in
complex geometry, which gives a sheaf-theoretic presentation of Bott-Chern and Aeppli coho-
mologies.

When restricted to non-positive degrees, we show that the inflation functor is colax symmetric
monoidal. Consequently, its right adjoint is lax symmetric monoidal. These properties will play
a central role in Chapter 2, for the development of pluripotential Koszul duality theory for
operads.

Throughout this chapter, k denotes a field of characteristic zero. Although most construc-
tions can be carried out over more general rings, this assumption is sufficient for our purposes.

1.1 The category of bicomplexes
Denote by BiCok the category of bicomplexes over k. Its objects are given by bigraded vector
spaces

A =
⊕
p,q∈Z

Ap,q

together with two linear maps ∂ and ∂̄ of bidegrees (1, 0) and (0, 1), respectively, and satisfying
the relations

∂2 = 0, ∂̄2 = 0 and ∂∂̄ + ∂̄∂ = 0.

Morphisms in this category are given by bidegree-preserving linear maps compatible with both
∂ and ∂̄.

Remark 1.1.1. Although we use the notation ∂ and ∂̄ for the differentials of a bicomplex,
borrowed from the notation of complex manifolds, our bicomplexes are defined over an arbitrary
field, so we do not assume any real structure.

13
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The category BiCok is a symmetric monoidal category, with the tensor product given by

(A⊗B)p,q =
⊕
r,s∈Z

Ar,s ⊗Bp−r,q−s

with differentials given by the Leibniz rule. The unit is given by the field k concentrated in
bidegree (0, 0).

Given bigraded linear maps f and g, denote by [f, g] the graded commutator

[f, g] := f ◦ g − (−1)|f |·|g|g ◦ f,

where |f | denotes the total degree of f . The internal Hom is defined by

Hom(A,B)p,q =
∏
r,s∈Z

Homk(Ar,s, Br+p,s+q),

with differentials
∂f := [∂, f ] and ∂̄f := [∂̄, f ].

The internal Hom and tensor product form an adjunction

(−⊗A) : BiCok ⇄ BiCok : Hom(A,−).

The category BiCok is then a closed symmetric monoidal category.
Associated to a bicomplex (A, ∂, ∂̄) there are various functorial cohomologies: aside from the

∂- and ∂̄-cohomologies

H∗,∗
∂ (A) := Ker(∂)

Im(∂) and H∗,∗
∂̄

(A) := Ker(∂̄)
Im(∂̄)

,

we also have the Bott-Chern HBC and Aeppli HA cohomologies, given respectively by

H∗,∗
BC (A) := Ker(∂̄) ∩Ker(∂)

Im(∂̄∂)
and H∗,∗

A (A) := Ker(∂̄∂)
Im(∂̄) + Im(∂)

.

Note that the identity induces natural transformations

HBC

H∂ HdR H∂̄

HA

where HdR denotes the total cohomology. Moreover, the row and column filtrations on a bicom-
plex A induce two spectral sequences relating the total cohomology with ∂- and ∂̄- cohomologies,
respectively:

H∂(A)⇒ HdR(A)⇐ H∂̄(A).

14



1.1. The category of bicomplexes

Definition 1.1.2. A bicomplex A is said to satisfy the ∂∂̄-property if the map of bigraded vector
spaces

HBC(A)→ HA(A),

is injective.

Remark 1.1.3. In fact, if the map HBC(A) → HA(A) is injective, then it is an isomorphism,
and all the maps in the above diagram are also isomorphisms (see [DGMS75]).

Remark 1.1.4. If a bicomplex (A, ∂, ∂̄) satisfies the ∂∂̄-property and a ∈ A verifies ∂a = ∂̄a = 0,
then

1. If α = ∂γ for some γ, then there exists β such that α = ∂∂̄β.

2. If α = ∂̄γ for some γ, then there exists β such that α = ∂∂̄β.

Consider the natural transformation induced by the identity HBC → HA, and let H̃BC and
H̃A be the functors which send a bicomplex A to the kernel and cokernel of HBC(A)→ HA(A),
respectively. Explicitly, this gives:

H̃BC = Im∂ ∩Ker∂̄ + Im∂̄ ∩Ker∂
Im∂∂̄

and H̃A = Ker∂∂̄
Im∂ + Im∂̄ + Ker∂ ∩Ker∂̄

.

The ABC-cohomology of a bicomplex (A, ∂, ∂̄) is the bicomplex defined by

HABC(A) := HBC(A)⊕ H̃A(A)

together with the two differentials ∂ and ∂̄ induced from those of A. Note that this bicomplex
is minimal, in the sense that ∂∂̄ ≡ 0.

Lemma 1.1.5 ([Ste25a, Cor. 1.12]). Any short exact sequence of bicomplexes

0→ A→ B → C → 0

induces a long exact sequence

· · · → Hp+q−2
Bp,q

(B)→ Hp+q−2
Bp,q

(C)→ Hp−1,q−1
A (A)→ Hp−1,q−1

A (B)→ Hp−1,q−1
A (C)→

→ Hp,q
BC (A)→ Hp,q

BC (B)→ Hp,q
BC (C)→ Hp+q+1

Bp,q
(A)→ Hp+q+1

Bp,q
(B)→ . . .

where Hk
Bp,q

denotes the cohomology of the Bigolin complex in degree k, see Section 1.3.

Any bicomplex A admits a (non-canonical) decomposition

A = Azig ⊕Asq

where Asq is a direct sum of squares, of the form

k k

k k,
∂̄

∂

∂

∂̄
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and Azig is a bicomplex satisfying ∂∂̄ = 0. Therefore, Azig is a direct sum of bicomplexes of the
form

k ,

k

k
∂̄ , k k∂ ,

k

k k∂

∂̄ ,

k

k k

k

∂

∂̄

∂̄

...

In squares and zig-zags, ∂ and ∂̄ are isomorphisms. This result has long been known as a folklore
statement, complete proofs can be found in [Ste21] and [KQ20].

With such a decomposition, we have Azig ∼= HABC(A). In particular, the summand Asq is
acyclic in terms of Bott-Chern and Aeppli cohomologies. If the bicomplex satisfies the ∂∂̄-lemma
property, the bicomplex Azig has trivial differentials, and hence the bicomplex A splits as a direct
sum of squares and a bigraded vector space.

Definition 1.1.6. A bicomplex A is called bounded if Ap,q = 0 for all but finitely many (p, q) ∈
Z× Z.

The category of bicomplexes admits a model structure whose weak equivalences are defined
in terms of Bott–Chern and Aeppli cohomologies. The rest of this section reviews this model
structure and the relevant definitions.

Definition 1.1.7. A morphism of bicomplexes f : A → B is said to be a pluripotential weak
equivalence if HA(f) and HBC(f) are isomorphisms.

Remark 1.1.8. Being a pluripotential weak equivalence f : A → B is equivalent to inducing
an isomorphism HABC(f) at the level of ABC-cohomology. In [Ste25a], pluripotential weak
equivalences are also called pluripotential quasi-isomorphism or a bigraded quasi-isomorphism.

Remark 1.1.9. If f : A→ B is a map between bounded bicomplexes, then f is a pluripotential
weak equivalence if and only if it induces an isomorphism in cohomology with respect to ∂ and
with respect to ∂̄. See Theorem 1.21 in [Ste25a].

The category BiCok admits a cofibrantly generated model structure (see [Ste25a, Theorem
1.7]), where:

• Fibrations are surjective morphisms,

• weak equivalences are pluripotential weak equivalences,

• cofibrations are injective morphisms.

We will refer to this as the pluripotential model structure. It is easy to see that every object
is fibrant and cofibrant. The tensor product and internal hom make BiCok into a symmetric
monoidal model category. The notion of homotopy associated with this model structure is the
following.
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Definition 1.1.10. Let f, g : A → B be two maps of bicomplexes. A pluripotential homotopy
from f to g is a linear map h : A→ B of bidegree (−1,−1) satisfying

[∂, [∂̄, h]] = f − g.

If such a homotopy exists, we write f ≃ g.

Since we are working over a field, the class of homotopy equivalences induced from the
above definition coincides with the class of pluripotential weak equivalences (see Theorem 1.21
[Ste25a]).

Proposition 1.1.11. Any two homotopic maps f, g : A → B of bicomplexes induce the same
map in cohomology:

[f ]BC = [g]BC : HBC(A)→ HBC(B) and [f ]A = [g]A : HA(A)→ HA(B).

We will use the following notion of shift functor : BiCok → BiCok as defined in [Ste25a].
For a bicomplex A, let

(A) := ⊗A,

where

:=
k

k k

1

−1

and the bottom left corner is sitting in bidegree (−1,−1). A homotopy inverse : BiCok →
BiCok of is given by

(A) := ⊗A,

where

:=
k k

k

−1

1

and the top right corner is sitting in bidegree (1, 1).

Remark 1.1.12. Note that

⊗ ∼=

k-1,1 k

k k k0,0 k k

k k1,-1

≃ k,

where k is the monoidal unit, and the superscripts indicate the bidegree of the vector space.

The following definition introduces the pluripotential analogue of the mapping cone for
cochain complexes. It will be used to detect pluripotential weak equivalences.
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Definition 1.1.13. The mapping cone of a morphism of bicomplexes f : A→ B is the bicomplex
defined by

C(f) := (A)⊕B,

with differentials given by

∂(a, a′, a′′, b) = (∂a,−∂a′,−∂a′′ − a, ∂b+ f(a′)),
∂̄(a, a′, a′′, b) = (∂̄a,−∂̄a′ + a,−∂̄a′′, ∂̄b+ f(a′′)).

There is a short exact sequence

B → C(f)→ A.

Using Theorem 1.21 of [Ste25a], we see that a map f is a pluripotential weak equivalence if and
only if C(f) is acyclic, that is, HBC(C(f)) = 0.

We next state Künneth formulae for Bott-Chern and Aeppli cohomologies. There are natural
maps

HBC(A)⊗HBC(B) −→ HBC(A⊗B)

and
HBC(A)⊗HA(B) ⊕ HA(A)⊗HBC(B) −→ HA(A⊗B).

These maps are neither injective nor surjective in general, see Section 1.7 of [Ste25a]. Below,
we provide Künneth-type formulas for HABC cohomology, although the resulting isomorphisms
are not natural. For canonical descriptions of the kernels and cokernels of the maps above, see
Theorem 1.35 in [Ste25a].

Proposition 1.1.14. Let A and B be two bicomplexes. Then, there exists an isomorphism

HABC(A⊗B) ∼= HABC(HABC(A)⊗HABC(B)).

Proof. If A ≃ B is a pluripotential homotopy equivalence, then A⊗C ≃ B⊗C as well. One may
take a homotopy of the form h⊗ idC , where h is a homotopy witnessing A ≃ B. Therefore, by
Theorem 1.21 in [Ste25a], for any choice of decomposition into squares and zig-zags, we obtain

A⊗B ≃ Azig ⊗Bzig.

Choosing an isomorphism HABC(A) ∼= Azig and HABC(B) ∼= Bzig and using Proposition 1.1.11
we obtain an isomorphism

HABC(A⊗B) ∼= HABC(HABC(A)⊗HABC(B)).

Remark 1.1.15. The proposition above relies on the fact that any bicomplex A splits (non-
uniquely) as a direct sum of squares and zig-zags,

A = Azig ⊕Asq.
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The hypotheses required for such a decomposition can be weakened to bicomplexes in other
abelian categories, for instance, to bicomplexes of characteristic-zero representations of a finite
group G, see Remark 5 in [Ste21]. Consequently, Proposition 1.1.14 also applies to bicomplexes
in k[Sn]-modules, a fact we will use in Chapter 2.

1.2 Contractions
In the following, we will define contractions in the pluripotential setting, a key concept for
the homotopy transfer theory developed in Chapter 2, and show that any bicomplex admits a
contraction into a minimal bicomplex.

Definition 1.2.1. A contraction of a bicomplex (A, ∂, ∂̄) into a bicomplex (B, ∂, ∂̄) is a diagram

(A, ∂, ∂̄) (B, ∂, ∂̄)
f

g
h

where f and g are bicomplex morphisms such that fg = idB and h is a pluripotential homotopy
from the gf to the identity:

gf − idA = [∂, [∂̄, h]].

If (f, g, h) is a contraction, we can define

h10 := [∂̄, h] and h01 := −[∂, h].

These maps satisfy
gf − idA = [∂, h10] and gf − idA = [∂̄, h01].

In particular, h10 and h01 are chain homotopies from the composition gf to the identity idA,
with respect to ∂ and ∂̄, respectively.

The following definition will be used in Chapter 2 to obtain homotopy transfer with units.

Definition 1.2.2. A contraction is said to satisfy the side conditions if

f ◦ h = 0, h ◦ g = 0, h ◦ h = 0, h∂h = 0, and h∂̄h = 0.

Remark 1.2.3. The side conditions imply

f ◦ h10 = 0, h10 ◦ g = 0, f ◦ h01 = 0, and h01 ◦ g = 0,

and
h ◦ h10 = h10 ◦ h = 0, h ◦ h01 = h01 ◦ h = 0, and h10h01 = −h01h10 = h.

Proposition 1.2.4. Every bicomplex (A, ∂, ∂̄) admits a contraction into a minimal bicomplex:

(A, ∂, ∂̄) (H, ∂, ∂̄)
f

g
h ; with ∂∂̄ = 0 on H.

Proof. By Section 1.1, we can decompose (non-uniquely) every bicomplex A as

A = Asq ⊕Azig.
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Let H := Azig ≃ A. We define f : A ↠ H and g : H ↪→ A via the decomposition. Next, we
define the homotopy

h : Asq ⊕Azig → Asq ⊕Azig

as follows. Given a pair (a, b) ∈ Asq ⊕ Azig, we let h(a, b) = (a′, 0) if a = −∂∂̄a′ and zero
otherwise. Note that since we are considering a splitting into squares and zig-zags, ∂ and ∂̄ are
isomorphisms, so a′ is uniquely determined. This homotopy satisfies

gf − idA = [∂, [∂̄, h]].

First, observe that for any element (a, b) ∈ Asq ⊕Azig, we have:

(gf − idA)(a, b) = −(a, 0).

Next, note that
[∂, [∂̄, h]](Azig) = 0,

by definition. Now, consider the case when a ∈ Asq, we will compute

[∂, [∂̄, h]]a = (∂∂̄h− ∂h∂̄ + ∂̄h∂ − h∂̄∂)a.

Assume a is a degree-homogeneous element in a square, as depicted below:

∂̄α ∂∂̄α

α ∂α
∂

∂̄∂̄

∂

There are four possible cases for a based on its position in the square:

1. If a is the top right corner of a square, so that a = ∂∂̄α, then the only non zero term is

∂∂̄ha = −∂∂̄α = −a.

2. If a is the bottom right corner of a square, so that a = ∂α, then the only non zero term is

−∂h∂̄a = −∂h∂̄∂α = −∂(α) = −a.

3. If a is the top left corner of a square, so that a = ∂̄α, then

∂̄h∂a = ∂̄h∂∂̄α = −∂̄α = −a

is the only non-zero term.

4. If a is the bottom left corner of a square, then

−h∂̄∂a = −α = −a

is the only non-zero term.
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In all cases, we obtain [∂, [∂̄, h]]a = −a. Therefore, we conclude

[∂, [∂̄, h]](a, b) = −(a, 0),

which completes the proof.

Remark 1.2.5. Any contraction constructed as in Proposition 1.2.4 satisfies the side conditions.

1.3 The Bigolin complex
The Bigolin complex was introduced by Bigolin [Big69] and further studied by Schweitzer [Sch07]
and Stelzig in [Ste25b], who calls it the Schweitzer complex. We recall its definition and review
some of its properties. We will denote by Chk the category of cochain complexes over k.

Definition 1.3.1. Let (A, ∂, ∂̄) be a bicomplex. Define the cochain complex (Bp,q(A), dB) as
follows: as a graded vector space, we let

Bkp,q(A) :=
⊕

r+s=k−1
r<p,s<q

Ar,s if k ≤ p+ q − 1

Bkp,q(A) :=
⊕
r+s=k
r≥p,s≥q

Ar,s if k ≥ p+ q

The differential dB is given by:

· · · pr◦d−→ Bp+q−2
p,q (A) pr◦d−→ Bp+q−1

p,q (A) ∂∂̄−→ Bp+q
p,q (A) d−→ Bp+q+1

p,q (A) d−→ · · · ,

where pr denotes projection from the bicomplex A to the direct summand Bkp,q(A) and d = ∂+ ∂̄.

By construction, we have isomorphisms

Hp,q
BC (A) ∼= Hp+q(B∗

p,q(A)) and Hp,q
A (A) ∼= Hp+q−1(B∗

p,q(A)).

The Bigolin complex is depicted in Figure 1.1.

Remark 1.3.2. Let A be a bicomplex. Denote by A[p, q] the bicomplex given by

(A[p, q])r,s = Ar−p,s−q.

Note that
Bp,q(A) = B0,0(A[−p,−q]).

From now on, B will denote B0,0.

Lemma 1.3.3. Consider on BiCok the pluripotential model structure and on Chk the projective
model structure. The functor B : BiCok → Chk preserves weak equivalences and fibrations.

Proof. Corollary 1.25 of [Ste25a] states that if f : A → B is a pluripotential weak equivalence,
then H(f) is an isomorphism for any additive functor H : BiCok → V, where V is an additive
category and H(P ) = 0 for every acyclic bicomplex P ; that is, HA(P ) = HBC(P ) = 0 (see
Definition 1.23 in [Ste25a]).
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Chapter 1. Bicomplexes

Ap,q+2 Ap+1,q+2 . .
.

Ap,q+1 Ap+1,q+1 Ap+2,q+1

Ap,q Ap+1,q Ap+2,q

Ap−3,q−1 Ap−2,q−1 Ap−1,q−1 p+ q p+ q + 1 . . .

Ap−3,q−2 Ap−2,q−2 Ap−1,q−2 p+ q − 1

. .
.

Ap−2,q−3 Ap−1,q−3 p+ q − 2

...

∂∂̄

Figure 1.1: The Bigolin complex

By [Ste25a], the functor H∗ ◦B, where H∗ denotes taking cohomology of a cochain complex,
satisfies this condition. It follows that B preserves weak equivalences. Moreover, in both model
categories BiCok and Chk, fibrations are simply (bi)degree-wise surjections. Since B, viewed
as a graded vector space, is given by the totalization of the restricted bicomplex, it preserves
surjections.

It thus follows that if B is a right adjoint, then there is a Quillen adjunction between BiCok
and Chk. This is the content of Section 1.5.

1.4 Stairway to heaven
We introduce a family of minimal bicomplexes, which will serve as a minimal generalization of
the shift functor, and state some properties. This family is the key ingredient for constructing
the inflation functor in Section 1.5. Most of the content of this section can be found in [MSG].

Let us consider the following family of bicomplexes, { n}n∈Z, where

p,q
n =



k if p, q, n ≥ 0 and p+ q = n

k if p, q > 0, n ≥ 0 and p+ q = n+ 1,
k if p, q ≤ 0, n < 0 and p+ q = n

k if p, q, n < 0 and p+ q = n− 1
0 otherwise.

(1.1)

Since p,q
n is either k or trivial, in the first case, (p, q)n will denote the unit in k, while in the

second case it will denote the zero element. The differentials in the bicomplex n are defined on
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1.4. Stairway to heaven

the generators by

∂(p, q)n = q · (p+ 1, q)n and ∂̄(p, q)n = −p · (p, q + 1)n.

Examples 1.4.1. We show some examples for different values of n.

• For |n| = 1 we have:

1 =
k k

k

·1

·(−1) −1 =
k

k k .

·1
·(−1)

• For |n| = 2 we have:

2 =

k k

k k

k

·2

·(−1)

·1

·(−2)

−2 =

k

k k

k k .

·2
·(−1)

·(−2)
·1

• For n = −3 we have:

−3 =

k

k k

k k

k k .

·3

·(−1)
·2

·(−2)
·1

·(−3)

Remark 1.4.2. Note that the bicomplex -1 is precisely the bicomplex in the definition of
the shift functor : BiCok → BiCok defined in Section 1.1. Moreover, −n is pluripotential
weakly equivalent to the n-fold tensor product of , that is,

−n ≃ ⊗n.

In the same way, n is pluripotential weakly equivalent to the n-fold tensor product of , that
is,

n ≃ ⊗n.

The key advantage of −n and n is that they are minimal bicomplexes (i.e., ∂∂̄ = 0),
whereas ⊗n and ⊗n are not.

In the following, we will define maps involving the bicomplexes { n}n∈Z≤0 , which will be
used to prove monoidality of the inflation functor and the Bigolin complex in Section 1.6 and in
Koszul duality developed in Section 2.6.
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Chapter 1. Bicomplexes

Let us consider linear maps

sn : n → n+1 and sn : n → n+1

of bidegree (1, 0) and (0, 1), respectively, for n ≤ −1 given by

s(p, q)n = (−1)p+q+n(p+ 1, q)n+1, s(p, q)n = (−1)p+q+n(p, q + 1)n+1.

Remark 1.4.3. These maps satisfy the following

∂sn + sn∂ = 0, ∂̄sn + sn∂̄ = 0 and ∂sn + ∂̄sn + sn∂ + sn∂̄ = 0,

for all n ≤ −1.

We introduce the following bicomplex maps

ιk,ℓ : k+ℓ → k ⊗ ℓ

of bidegree (0, 0) for every k, ℓ ∈ Z≤0 given by

ιk,ℓ(p, q)k+ℓ =
∑

α+δ=p
β+γ=q

(−1)(α+β)(δ+γ+ℓ)(α, β)k ⊗ (δ, γ)ℓ.

Proposition 1.4.4. The maps are coassociative, in the sense that

(ιk1,k2 ⊗ id)ιk1+k2,k3 = (id⊗ ιk2,k2)ιk1,k2+k3

for any k1, k2, k3 ∈ Z≤0.

Proof. On the one hand,

(ιr,s ⊗ id)ιr+s,t(i, j)r+s+t =
∑

p1+t1=i
p2+t2=j

(−1)dp(dt+t)(ιr,s ⊗ id)(p1, p2)r+s ⊗ (t1, t2)t =

=
∑

p1+t1=i
p2+t2=j

∑
r1+s1=p1
r2+s2=p2

(−1)dp(dt+t)+dr(ds+s)(r1, r2)r ⊗ (s1, s2)s ⊗ (t1, t2)t =

=
∑

r1+s1+t1=i
r2+s2+t2=j

(−1)(dr+ds)(dt+t)+dr(ds+s)(r1, r2)r ⊗ (s1, s2)s ⊗ (t1, t2)t.

Where dx = x1 + x2. On the other hand,

(id⊗ ιs,t)ιr,s+t(i, j)r+s+t =
∑

r1+q1=i
r2+q2=j

(−1)dr(dq+q)(id⊗ ιs,t)(r1, r2)r ⊗ (q1, q2)q =

=
∑

r1+q1=i
r2+q2=j

∑
s1+t1=q1
s2+t2=q2

(−1)dr(dq+q)+ds(dt+t)(r1, r2)r ⊗ (s1, s2)s ⊗ (t1, t2)t =

=
∑

r1+s1+t1=i
r2+s2+t2=j

(−1)dr(ds+s+dt+t)+ds(dt+t)(r1, r2)r ⊗ (s1, s2)s ⊗ (t1, t2)t.
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1.4. Stairway to heaven

Proposition 1.4.5. The maps
ιk,ℓ : k+ℓ → k ⊗ ℓ

are pluripotential weak equivalences for all k, ℓ ≤ 0.

Proof. One can choose a splitting k⊗ ℓ
∼= k+ℓ⊕ ( k⊗ ℓ)sq, where ( k⊗ ℓ)sq is given by the

squares generated by the elements (p1, q1)k⊗ (p2, q2)ℓ where p1 + q1 = k− 1 and p2 + q2 = ℓ− 1.
Then, the map ιk,ℓ is just the inclusion of k+ℓ into k⊗ ℓ. Since the squares are homotopically
trivial, we obtain that ιk,ℓ is a pluripotential weak equivalence.

Proposition 1.4.6. The following hold

1. (sk−1 ⊗ id)ιk−1,ℓ = (−1)k(id⊗ sℓ−1)ιk,ℓ−1 = ιk,ℓsk+ℓ−1,

2. (sk−1 ⊗ id)ιk−1,ℓ = (−1)k(id⊗ sℓ−1)ιk,ℓ−1 = ιk,ℓsk+ℓ−1.

Proof. Let us prove (1), (2) is analogous. On the one hand, we have

(s⊗ id)ιk−1,ℓ(p, q)k+ℓ−1 =
∑

p1+p2=p
q1+q2=q

(−1)d1+k−1+d1(d2+ℓ)(p1 + 1, q1)k ⊗ (p2, q2)ℓ

=
∑

p1+p2=p+1
q1+q2=q

(−1)d1+k+d2+ℓ+d1(d2+ℓ)(p1, q1)k ⊗ (p2, q2)ℓ,

where di = pi + qi. On the other hand,

(id⊗ s)ιk,ℓ−1(p, q)k+ℓ−1 =
∑

p1+p2=p
q1+q2=q

(−1)d2+ℓ−1+d1(d2+ℓ−1)+d1(p1, q1)k ⊗ (p2 + 1, q2)ℓ

=
∑

p1+p2=p+1
q1+q2=q

(−1)d1+d2+ℓ+d1(d2+ℓ)(p1, q1)k ⊗ (p2, q2)ℓ.

Finally,

ιk,ℓs(p, q)k+ℓ−1 =
∑

p1+p2=p+1
q1+q2=q

(−1)d1+d2+k+ℓ+d1(d2+ℓ)(p1, q1)k ⊗ (p2, q2)ℓ.

Define a generalized map ιk0,...,kr : k0+···+kr → k0 ⊗ · · · ⊗ kr for k0, . . . , kr ∈ Z≤0 by
recursively applying ιk,ℓ, which gives

ιk0,...,kr (p, q)n =
∑

p0+···+pr=p
q0+···+qr=q

(−1)ε(p0, q0)k0 ⊗ · · · ⊗ (pr, qr)kr ,

where ε := ∑r
j=1

(∑j−1
i=0 (pi + qi)

)
(pj + qj + kj) and n = k0 + · · ·+ kr.

The following is a consequence of Proposition 1.4.5.

Proposition 1.4.7. The maps ιk0,...,kr are pluripotential weak equivalences for every k0, . . . , kr ∈
Z≤0.
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Chapter 1. Bicomplexes

1.5 The inflation functor
In this section we introduce the inflation functor from cochain complexes to bicomplexes and
show it is the left adjoint of the Bigolin complex. Most of the content of this section can be
found in [MSG].

We define a functor
Inf : Chk → BiCok.

Given a chain complex (C, d) we set

Inf(C) =

⊕
n∈Z

n ⊗ Cn, ∂, ∂̄

 ,
where we consider Cn as a bicomplex sitting in bidegree (0, 0). The differentials ∂ and ∂̄ are
defined by:

∂((p, q)n ⊗ c) = q(p+ 1, q)n ⊗ c+ (−1)p+q+n(p+ 1, q)n+1 ⊗ dc, (1.2)

∂̄((p, q)n ⊗ c) = −p(p, q + 1)n ⊗ c+ (−1)p+q+n(p, q + 1)n+1 ⊗ dc.

Remark 1.5.1. The differentials of Inf(C) correspond to

∂ = ∂⌞ ⊗ id + s⊗ d and ∂̄ = ∂̄⌞ ⊗ id + s⊗ d,

see Section 1.4 for the definition of s and s. By Remark 1.4.3, Inf(C) forms a bicomplex.

We refer to this functor as the inflation functor, which is depicted in Figure 1.2.

C2 C2 ⊕ C3 . .
.

C1 C1 ⊕ C2 C2 ⊕ C3

C−3 C−2 C−1 C0 C1 C2

C−3 ⊕ C−4 C−2 ⊕ C−3 C−1 ⊕ C−2 C−1

. .
.

C−3 ⊕ C−4 C−2 ⊕ C−3 C−2

. .
.

C−3 ⊕ C−4 C−3

Figure 1.2: The inflation functor

The blue arrows denote the differentials of the bicomplexes n ⊗ Cn and the black arrows
are the "connecting" differentials of the inflation functor given by the differential d of C.
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1.5. The inflation functor

Examples 1.5.2. We compute the inflation functor on simplicial cochain complexes:

• Consider the cochain complex C∗(∆1)

k⟨c⟩
−1

d−→ k⟨c1⟩ ⊕ k⟨c2⟩
0

d(c) = c2 − c1.

Inf(C∗(∆1)) is given by
k k⊕ k

k k

d

−id
id d ,

so that ∂∂̄c = c2 − c1.

• Consider the cochain complex C := C∗(∆2),

k⟨[012]⟩
−2

d2−→ k⟨[01]⟩ ⊕ k⟨[02]⟩ ⊕ k⟨[12]⟩
−1

d1−→ k⟨[0]⟩ ⊕ k⟨[1]⟩ ⊕ k⟨[2]⟩
0

.

Inf(C∗(∆2)) is given by
k k⊕3 k⊕3

k k⊕ k⊕3 k⊕3

k k

d2 d1

·2

·(−1)

−d2

·1 d2

·(−1)

d2

d1

·1 −d2

·(−2)

d2

.

Here, the blue bicomplex is −2 ⊗ C−2, the red bicomplex is −1 ⊗ C−1, and the orange
bicomplex is 0 ⊗ C0 = k⊗ C0 ∼= C0, which sits in bidegree (0, 0).

In both examples, HA = 0 and HBC = 0, so they are acyclic bicomplexes in the pluripotential
sense.

Observe that Inf preserves direct sums and that given an injection of chain complexesD ↪→ C,
the canonical morphism

Inf(C)/Inf(D)→ Inf(C/D)
[(i, j)n ⊗ c] 7→ (i, j)n ⊗ [c]

is an isomorphism. So Inf commutes with colimits. As Chk and BiCok are locally presentable,
it follows that Inf admits a right adjoint. In the following theorem, we show that the inflation
functor and the Bigolin complex form an adjunction. We present two proofs: the first is more
elegant, while the second introduces constructions that will be used later.

Theorem 1.5.3. The inflation functor Inf is left adjoint to the Bigolin complex B.

Proof 1. Denote by ⟨δ⟩ the k-linear category with objects n ∈ Z and morphisms

⟨δ⟩(m,n) =

k if m− n = 0 or 1,
0 otherwise.
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Chapter 1. Bicomplexes

Then, cochain complexes are linear functors on ⟨δ⟩ with values in k-Mod, Ch = [⟨δ⟩,k-Mod].
Similarly, denote by ⟨∂, ∂⟩ the category whose objects are pairs (m,n) ∈ Z2 and morphisms are

⟨∂, ∂⟩((m,n), (m′, n′)) =



∂k if m−m′ = 1 and n = n′,

∂k if n− n′ = 1 and m = m′,

idk if n = n′ and m = m′,

∂∂̄k if m−m′ = 1 and n− n′ = 1,
0 otherwise.

Define also the composition law so as to have ∂∂ = −∂∂. Then, bicomplexes are presheaves on
⟨∂, ∂⟩ with values in k-Mod.

Denote by ι : ⟨δ⟩ → Chk the Yoneda embedding and define F = Inf ◦ ι. Since both Ch and
BiCok are presheaf categories and Inf preserves colimits, the right adjoint R to Inf is given by

R(B)n = HomBiCok(F (n), B), for B in BiCok.

Note that F (n) = Inf(Dn), where the disk Dn is the cochain complex

· · · → 0→ k
n
→ k

n+1
→ 0→ · · · .

As a bigraded vector space, Inf(Dn) = ( n ⊗ k) ⊕ ( n+1 ⊗ k) and is freely generated by the
elements in the lowest degree. This implies that a morphism in HomBiCok(F (n), B) is determined
by the image of the copies of k in Inf(Dn) of lowest bidegrees. That is, it is determined by a
choice of elements in

n⊕
i≥0

Bi,n−i for n ≥ 0

−1⊕
i=n

Bi,n−i−1 for n < 0.

It follows that, as graded k-modules, R(B) = B(B). Denoting by δ the generating morphism
of ⟨δ⟩(n+ 1, n), one has that F (δ) simply projects onto ( n+1 ⊗ k). The differential of R(B) is
given by

HomBiCok(F (n), B) d−→ HomBiCok(F (n+ 1), B)
f 7→ f ◦ F (δ).

For n = −1, we have

F (0) =
k k

k k

id

id

id −id F (−1) =
k k

k k

id

−id
id id

where the bottom left corners of F (0) and F (−1) sit in bidegree (0, 0) and (−1,−1), respectively.
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1.5. The inflation functor

A morphism g ∈ HomBiCok(F (0), B) is determined by g0,0 since it commutes with differentials.
Likewise, f ∈ HomBiCok(F (−1), B) is determined by f -1,-1, so we can make the identifications

R0(B) = HomBiCok(F (0), B) ∼= B0,0, R−1(B) = HomBiCok(F (−1), B) ∼= B−1,−1.

Note that F (δ) : F (0) → F (−1) projects onto the copy of k in bidegree (0, 0). The image of
f ∈ HomBiCok(F (−1), B) by the differential d : R−1(B)→ R0(B) is then given by (f ◦F (δ))0,0 =
f0,0. But f0,0 = ∂∂̄f -1,-1. Hence, d(f -1,-1) = ∂∂̄f -1,-1, which is the differential of the complex B.

For n < −1 the differential of R(B) is given by

d(bn,-1, . . . , b-1,n) =
∑

p+q=n−1

(p+ 1)∂bp,q + (q + 1)∂̄bp,q
−n

and for n ≥ 0 is given by

d(b0,n, . . . , bn,0) =
∑

p+q=n

(p+ 1)∂bp,q + (q + 1)∂̄bp,q
n

.

We define a natural isomorphism from f : R→ B by

fn(bn,-1, . . . , b-1,n) = (−1)n+1(L(-n, 1)bn,-1,L(-n, 2)bn+1,-2, . . . ,L(1, -n)b-1,n),

for n < 0, and by

fn(b0,n, . . . , bn,0) = (
(
n

0

)
b0,n,

(
n

1

)
b1,n, . . . ,

(
n

n

)
bn,0),

for n ≥ 0. Here,
(k
n

)
denote the binomial coefficients whereas L(k, ℓ) denote the entries of the

Leibniz harmonic triangle [OEI26], explicitly given by

L(k, ℓ) = 1
ℓ
(k
ℓ

) .
Proof 2. We prove the adjunction by explicitly constructing the unit and the counit. We begin
by defining the unit of the adjunction

η : IdChk → BInf.

Note that, for a cochain complex C,

BInf(C)n =



⊕
p+q=n
p,q≥1

(p, q)n−1 ⊗ Cn−1 ⊕
⊕

p+q=n
p,q≥0

(p, q)n ⊗ Cn if n ≥ 0,

⊕
p+q=n−1
p,q≤−1

(p, q)n ⊗ Cn ⊕
⊕

p+q=n−1
p,q≤−1

(p, q)n−1 ⊗ Cn−1 if n < 0.

We present in Figure 1.3 a picture of BInf(C). The black piece together with the gray one
constitute Inf(C), whereas the "totalization" of the black part constitutes BInf(C). The numbers
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Chapter 1. Bicomplexes

on the right hand side denote the degree of the Bigolin complex.

C2 C2 ⊕ C3

C1 C1 ⊕ C2 C2 ⊕ C3

C−3 C−2 C−1 C0 C1 C2

C−3 ⊕ C−4 C−2 ⊕ C−3 C−1 ⊕ C−2 C−1 0 1

C−3 ⊕ C−4 C−2 ⊕ C−3 C−2

C−3 ⊕ C−4 C−3 −1

−2

⟲

Figure 1.3: The complex BInf(C)

We define:

ηC(c) =



∑
p+q=n
p+q≥0

(
n

p

)
(p, q)n ⊗ c if n ≥ 0,

∑
p+q=n−1
p,q≤−1

(−1)nL(−n,−p)(p, q)n ⊗ c if n < 0.

Here,
(k
n

)
denote the binomial coefficients and L(k, ℓ) denote the entries of the Leibniz harmonic

triangle.
We now define the counit of the adjunction

ε : InfB → IdBiCok .

Note that, for a bicomplex A,

InfB(A)p,q =



⊕
r+s=p+q
r,s≥0

(p, q)p+q ⊗Ar,s ⊕
⊕

r+s=p+q−1
r,s≥0

(p, q)p+q−1 ⊗Ar,s if p, q ≥ 0,

⊕
r+s=p+q−1
r,s≤−1

(p, q)p+q ⊗Ar,s ⊕
⊕

r+s=p+q
r,s≤−1

(p, q)p+q+1 ⊗Ar,s if p, q < 0.

We present in Figure 1.4 a picture of InfB(A). Again, the blue arrows denote the differentials
of the bicomplexes n ⊗ B(A)n. The black arrows are given by the differential of the Bigolin
complex.
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⊕
r+s=2
r,s≥0

Ar,s
⊕
r+s=2
r,s≥0

Ar,s ⊕
⊕
r+s=3
r,s≥0

Ar,s

A1,0 ⊕A0,1 A1,0 ⊕A0,1 ⊕
⊕
r+s=2
r,s≥0

Ar,s
⊕
r+s=2
r,s≥0

Ar,s ⊕
⊕
r+s=3
r,s≥0

Ar,s

A-2,-1 ⊕A-1,-2 A-1,-1 A0,0 A1,0 ⊕A0,1 ⊕
r+s=2
r,s≥0

Ar,s

A-2,-1 ⊕A-1,-2 ⊕
⊕

r+s=−4
r,s≤-1

Ar,s A-1,-1 ⊕A-2,-1 ⊕A-1,-2 A-1,-1

A-2,-1 ⊕A-1,-2 ⊕
⊕

r+s=−4
r,s≤−1

Ar,s A-2,-1 ⊕A-1,-2

∂∂̄

∂∂̄

Figure 1.4: The bicomplex InfB(A)

We define:

εp,qA
(
(p, q)p+q ⊗ (ap+q,0, . . . , a0,p+q) + (p, q)p+q−1 ⊗ (ap+q−1,0, . . . , a0,p+q−1)

)
=

= pL(p+ q, p)apq + L(p+ q, p)∂ap−1,q − L(p+ q, q)∂̄ap,q−1,

if p, q ≥ 0 and

εp,qA
(
(p, q)p+q+1 ⊗ (ap+q+1,−1, . . . , a−1,p+q+1) + (p, q)p+q ⊗ (ap+q,−1, . . . , a−1,p+q)

)
=

= (−1)p+q+1( 1
L(−p− q − 1,−p)a

pq +
(
−p− q − 1
−q − 1

)
∂ap−1,q −

(
−p− q − 1
−p− 1

)
∂̄ap,q−1),

if p, q < 0.

It remains to verify that
Inf Infη−−→ InfBInf εInf−−→ Inf

and
B ηB−→ BInfB Bε−→ B

are the identity morphisms 1Inf and 1B, respectively.

Let A be a bicomplex, and let a = (an,0, an−1,1, . . . , a0,n) be an element in B(A)n for n ≥ 0.
The map

ηB : B(A)→ BInfB(A)

gives

a 7→
∑

p+q=n
p,q≥0

(
n

p

)
(p, q)n ⊗ a.

Applying
B(ε) : BInfB(A)→ B(A)
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Chapter 1. Bicomplexes

gives ∑
p+q=n
p,q≥0

(
n

p

)
(p, q)n ⊗ (a0,n, . . . , an,0) 7→

∑
p+q=n
p,q≥0

(
n

q

)
1(n
p

)ap,q = a.

Now let a = (an,−1, an+1,−2, . . . , a−1,n) be an element in B(A)n for n < 0. The map

ηB : B(A)→ BInfB(A)

gives
a 7→

∑
p+q=n−1
p,q≤−1

(−1)nL(−n,−p)(p, q)n ⊗ a.

Applying
B(ε) : BInfB(A)→ B(A)

gives

∑
p+q=n−1
p,q≤−1

(−1)nL(−n,−p)(p, q)n ⊗ a 7→
∑

p+q=n−1
p,q≤−1

(−1)n+p+q+1 L(−n,−p)
L(−p− q − 1,−p)a

p,q = a.

We leave it as an exercise to the reader to show that the unit is a map of chain complexes,
that the counit is a map of bicomplexes, and that the composition Inf Fη−−→ InfBInf εInf−−→ Inf is
the identity map. Our sympathies go to the brave souls who attempt the exercise.

Remark 1.5.4. The binomial coefficients and the entries of the Leibniz harmonic triangle are
related by the formula

L(r, c) = 1
c
(r
c

) .
Moreover, both Pascal and Leibniz triangles are defined by the same recursive rule: each entry
in the triangle is obtained as the sum of the two nearest entries in the row below, see Figure 1.5.

...
...

1 4 6 4 1
1 3 3 1

1 2 1
1 1

1
1
2

1
2

1
3

1
6

1
3

1
4

1
12

1
12

1
4

1
5

1
20

1
30

1
20

1
5

...
...

Figure 1.5: Pascal and Leibniz triangles

Remark 1.5.5. Note that, for bicomplexes concentrated in the first quadrant, the Bigolin
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1.6. Monoidal properties

complex is just the usual totalization of bicomplexes. Therefore, in this particular setting, the
inflation functor is left adjoint to totalization.

Consider Chk endowed with the projective model structure and BiCok with the pluripotential
model structure.

Theorem 1.5.6. There is a Quillen adjunction

Inf : Chk BiCok : B .

Proof. By Lemma 1.3.3, the functor B, which is the right adjoint, preserves weak equivalences
and fibrations, it follows that Inf ⊣ B is a Quillen adjunction.

Proposition 1.5.7. The inflation functor preserves weak equivalences. Moreover, it is conser-
vative.

Proof. The first part of the proposition is a corollary of Theorem 1.5.6. The second part can
be proven as follows: let f : C → D be a morphism of cochain complexes such that Inf(f) is
a pluripotential weak equivalence. By Theorem 1.21 of [Ste25a], it is a quasi-isomorphism
with respect to the differential ∂ and ∂̄. Note that the cochain complex Inf(C)∗,0 is iso-
morphic to the cochain complex C∗, this is true for any cochain complex C. It follows that
f = Inf(f)|Inf(C)∗,0 : Inf(C)∗,0 → Inf(D)∗,0 is a quasi-isomorphism of cochain complexes.

1.6 Monoidal properties
In this section, we show that the inflation functor is colax symmetric and that the Bigolin
complex is lax symmetric. The monoidality of the inflation functor will be used in Koszul
duality.

Denote by BiCok the subcategory of bicomplexes concentrated in the third quadrant, that
is, Bp,q = 0 for p > 0 or q > 0. Note that Inf(C) for a cochain complex C in Ch≤0

k lies in BiCok .
It follows directly from Theorem 1.5.3 that there is an adjunction

Inf : Ch≤0
k BiCok : B .

Theorem 1.6.1. The functor Inf : Ch≤0
k → BiCok is symmetric colax monoidal with structure

morphisms given by

• ϕ = id : Inf(k)→ k, and

• for all C and D in Ch≤0
k ,

ϕC,D : Inf(C ⊗D)→ Inf(C)⊗ Inf(D), (1.3)

defined by

ϕC,D((i, j)k+ℓ ⊗ c⊗ d) =
∑

α+δ=i
β+γ=j

(−1)(α+β)(δ+γ+ℓ)(α, β)k ⊗ c⊗ (δ, γ)ℓ ⊗ d,

for c ∈ Ck and d ∈ Dℓ.
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Chapter 1. Bicomplexes

Moreover, for all C and D in Ch≤0
k , the structure morphism ϕC,D is a pluripotential weak

equivalence.

Proof. Let C,D ∈ Ch≤0
k , first note that

Inf(C ⊗D) =
⊕
n∈Z

⊕
k+ℓ=n

n ⊗ Ck ⊗Dℓ

and
Inf(C)⊗ Inf(D) =

⊕
n∈Z

⊕
k+ℓ=n

k ⊗ Ck ⊗ ℓ ⊗Dℓ

We now use the maps
ιk,ℓ : k+ℓ → k ⊗ ℓ,

defined in Section 1.4 for every k, ℓ ∈ Z≤0, to define the following maps:

τ ◦ (ιk,ℓ ⊗ id⊗2) : k+ℓ ⊗ Ck ⊗Dℓ ιk,ℓ−−→ k ⊗ ℓ ⊗ Ck ⊗Dℓ τ−→∼= k ⊗ Ck ⊗ ℓ ⊗Dℓ,

which yield a map of bicomplexes

ϕC,D : Inf(C ⊗D)→ Inf(C)⊗ Inf(D)

by Remark 1.5.1 and Proposition 1.4.6. Note that there are no signs involved in τ since we
consider Cp a bicomplex sitting in degree (0, 0). The monoidal unit in BiCok and in Chk is k.
So we can define a morphism

ϕ = id : Inf(k)→ k,

and the unitality condition follows immediately.
It remains to check coassociativity, that is:

(ϕC,D ⊗ id) ◦ ϕC⊗D,E = (id⊗ ϕD,E) ◦ ϕC,D⊗E : Inf(C ⊗D ⊗ E)→ Inf(C)⊗ Inf(D)⊗ Inf(E).

We need to show
(ιr,s ⊗ id) ◦ ιr+s,t = (id⊗ ιs+t) ◦ ιr,s+t

for all r, s, t ∈ Z≤0, but this was proven in Proposition 1.4.4. To prove it is symmetric, we want
to check that the following diagram commutes.

Inf(C ⊗D) Inf(D ⊗ C)

Inf(C)⊗ Inf(D) Inf(D)⊗ Inf(C) .

∼=
τ1

ϕC,D ϕD,C

∼=
τ2

Let (i, j)k+ℓ ⊗ c⊗ d ∈ Inf(C ⊗D) where | c |= k and | d |= ℓ. On the one hand, we have:

ϕD,C ◦ τ1 =
∑

p1+q1=i
p2+q2=j

(−1)kℓ+dq(dp+k)(q1, q2)ℓ ⊗ d⊗ (p1, p2)k ⊗ c,
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1.6. Monoidal properties

where dx = x1 + x2. On the other:

τ2ϕC,D =
∑

p1+p2=p
q1+q−2=q

(−1)dp(dq+ℓ)+dpdq (q1, q2)ℓ ⊗ d⊗ (p1, p2)k ⊗ c.

If i+j = −k−ℓ, then dp = −k and dq = −ℓ, and clearly ϕD,C ◦τ1 = τ2◦ϕC,D. If i+j = −k−ℓ−1,
then either dp = −k and dq = −ℓ − 1, or dp = −k − 1 and dq = −ℓ. In both cases, the desired
equality holds.

To check that ϕC,D is a pluripotential weak equivalence, note that every complex is non-
naturally isomorphic to a sum of complexes of the form:

(points) · · · → 0→ k→ 0→ · · · and (lines) · · · → 0→ k id−→ k→ 0→ · · · .

Let us denote a point by • and a line by • → •. By naturality of ϕ and the fact that Inf and
⊗ commute with direct sums, we only need to check that ϕ•,•, ϕ•,•→•, ϕ•→•,• and ϕ•→•,•→• are
weak equivalences. Since • → • is a contractible cochain complex and Inf and ⊗ preserve weak
equivalences, it follows that ϕ•,•→•, ϕ•→•,• and ϕ•→•,•→• are homotopically trivial. Denoting by
•k the point concentrated in degree k ≤ 0, observe that Inf(•k) = k and

ϕ•k,•ℓ = ιk,ℓ : k+ℓ → k ⊗ ℓ,

but this is a pluripotential weak equivalence by Proposition 1.4.5.

We next describe the lax monoidal structure of the functor B when restricted to third-
quadrant bicomplexes.

Theorem 1.6.2. The functor B : BiCok → Ch≤0
k is lax symmetric monoidal with structure

morphisms given by:

• ϕ̃ = id : k→ B(k), and

• for all A and B in BiCok ,

ϕ̃A,B : B(A)⊗ B(B)→ B(A⊗B)

defined on elements a = (a-m,-1, a-m+1,-2, . . . , a-1,-m) in B(A)-m and b = (b-n,-1, . . . , b-1,-n) in
B(B)-n, for m,n > 1, by

ϕ̃−m−n
A,B

(
a⊗ b

)
=∑

α+β=m
γ+δ=n+1
α,β≥0,γ,δ≥1

(−1)n+1 L(m+ n, α+ γ)
L(n, γ)

((
m− 1
β − 1

)
∂a−α−1,−β −

(
m− 1
α− 1

)
∂̄a−α,−β−1

)
⊗ b−γ,−δ

−
∑

α+β=m+1
γ+δ=n

α,β≥1,γ,δ≥0

L(m+ n, α+ γ)
L(m,α) a−α,−β ⊗

((
n− 1
δ − 1

)
∂b−γ−1,−δ −

(
n− 1
γ − 1

)
∂̄b−γ,−δ−1

)
.

If a ∈ B(A)0 or b ∈ B(B)0 we have ϕ̃−m−n
A,B

(
a⊗ b

)
= a⊗ b.
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Chapter 1. Bicomplexes

Here, L(k, ℓ) denote the entries of the Leibniz harmonic triangle [OEI26].

Proof. Consider a colax monoidal functor

F : (C,⊗, IC)→ (D,⊗, ID)

between monoidal categories, with monoidal structure maps ν : F (IC)→ ID and ϕX,Y : F (X ⊗
Y )→ F (X)⊗ F (Y ). If F has a right adjoint

G : D → C,

we can consider the adjoint
ν̃ : ID → G(IC)

of ν, and the natural map
ϕ̃ : G(A)⊗G(B)→ G(A⊗B)

adjoint to the composite

F (G(A)⊗G(B))
ϕG(A),G(B)−−−−−−−→ FG(A)⊗ FG(B) εA⊗εB−−−−→ A⊗B.

The map ϕ̃ can equivalently be defined as the composition

G(A)⊗G(B)
ηG(A)⊗G(B)−−−−−−−→ GF (G(A)⊗G(B))

G(ϕG(A),G(B))
−−−−−−−−−→ G (FG(A)⊗ FG(B)) G(εA⊗εB)−−−−−−→ G (A⊗B) .

Here η and ε denote, respectively, the unit and counit of the adjunction. The pair (ν̃, ϕ̃) defines
a lax monoidal structure on the right adjoint G. The dual construction is described in [SS03]. If
the left adjoint is symmetric colax monoidal, then the right adjoint is symmetric lax monoidal.

The unit and the counit of the adjunction

Inf : Ch≤0
k BiCok : B

given in the second proof of Theorem 1.5.3 and the colax structure of Inf given in Proposition
1.6.1 yield the explicit description of the lax monoidal structure on B when restricted to third-
quadrant bicomplexes.
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Chapter 2

Operadic algebras

This chapter explores a new context for operadic calculus and Koszul duality arising in the
study of bidifferential bigraded algebras up to pluripotential weak equivalence. Namely, we
study operads in bicomplexes. We prove the existence and uniqueness of minimal models of
operads with respect to pluripotential weak equivalence in two complementary approaches: à la
Sullivan, building minimal models by induction on arity, and via Koszul duality. This allows us
to define homotopy algebras in this context.

We then study the homotopy theory of operadic algebras in bicomplexes. To this end, we
construct the adjoint pair given by the bar and cobar functors. In particular, we prove an
equivalence of homotopy categories between algebras over a Koszul operad and algebras over its
minimal model.

Finally, we study in detail the case of the associative operad. We introduce the category
of pluripotential A∞-algebras, that is, algebras over the pluripotential minimal model of the
associative operad, and establish a Pluripotential Homotopy Transfer Theorem for bidifferential
bigraded associative algebras. We then adapt this construction to define the commutative ana-
logue of pluripotential A∞-algebras and prove the corresponding homotopy transfer theorem for
commutative bidifferential bigraded algebras.

As a further step in the associative setting, we study algebras equipped with a compatible
pairing. More precisely, we define cyclic App∞-algebras and prove a cyclic homotopy transfer
theorem.

Throughout this chapter, k will denote a field of characteristic zero.

2.1 S -modules
For multiple constructions in operad theory, it is convenient to work with the category S -Mod of
S-modules or, more generally, with S -Ch≤0, the category of differential graded S-modules. In our
context, we will consider bidifferential bigraded S-modules. That is, we will work over the closed
symmetric monoidal model category of bicomplexes BiCok, although most of the constructions
are valid over any symmetric monoidal category. We will review their basic properties and
present the Schur functor, a key ingredient to define operadic algebras. Most of the content of
this section is a direct adaptation to the bicomplex setting of results presented in [LV12] and
[Fre04], except for the extension of the inflation functor to S -modules.

Definition 2.1.1. A bidifferential bigraded S -module (bb-S -module for short) M is given by
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Chapter 2. Operadic algebras

a sequence of bicomplexes {M(n)}n∈Z≥0 together with a right Sn action, where Sn denotes the
nth symmetric group.

If µ ∈M(n)p,q, we say that µ is of arity n and bidegree (p, q). We will denote by |µ| = p+ q

its total degree.

Definition 2.1.2. A morphism of bb-S -modules f : M → N is a sequence of equivariant bi-
complex morphisms fn : M(n)→ N(n).

We denote the category of bb-S -modules by S -BiCo.

Remark 2.1.3. Note that we can view every bb-S -module M as a family of bicomplexes
{M(n)}n∈Z≥0 , where each M(n)p,q is a right k[Sn]-module for all (p, q).

Let M and N be two bb-S -modules. Define their tensor product as

(M ⊗N)(n) :=
⊕

p+q=n
IndSn

Sp×Sq
M(p)⊗N(q).

Here IndSn
Sp×Sq

denotes the induced Sn-representation. That is,

IndSn
Sp× Sq

M(p)⊗N(q) = (M(p)⊗N(q)) ⊗
Sp×Sq

k[Sn].

The composition product is given by

M ◦N =
⊕
n≥0

M(n) ⊗
Sn

N⊗n.

Explicitly, the n-ary component of the composition is:

(M ◦N)(n) =
⊕
k≥0

M(k) ⊗
Sk

 ⊕
i1+···+ik=n

IndSn
Si1 ×···×Sik

(N(i1)⊗ · · · ⊗N(ik))


where the action of Sk is given by permuting the factors in the tensor product

N(i1)⊗ · · · ⊗N(ik)

via permutation of the indices (i1, . . . , ik). Therefore, an element of (M ◦ N)(n) is a linear
combination of tuples

(µ;µ1, . . . , µk)σ

where µ ∈ M(k), µj ∈ N(ij), σ ∈ Sn and i1 + · · · + ik = n. Such tuples are subject to the
following relations:

(µτ ;µ1, . . . , µk) = (µ;µτ−1(1), . . . , µτ−1(k))τi1,...,ik , (2.1)

where τi1,...,ik is the block permutation of {1, . . . , n} that divides it into k blocks of sizes i1, . . . , ik,
and permutes these blocks according to τ and

(µ;µ1τ1, . . . , µkτk) = (µ;µτ−1(1), . . . , µτ−1(k))τ1 ⊔ · · · ⊔ τk, (2.2)

38



2.1. S -modules

where each τj ∈ Sij , and τ1 ⊔ · · · ⊔ τk ∈ Sn is the permutation that acts within each block of size
ij by τj .

To a bb-S -module M we may associate an endofunctor in BiCok called the Schur functor

M : BiCok → BiCok

given by
M(A) =

⊕
n≥0

M(n) ⊗
Sn

A⊗n.

This functor satisfies

(M ⊗N)(−) ∼= M(−)⊗N(−) and (M ◦N)(−) ∼= M(N(−))

(see for instance Section 5.1 of [LV12], or Section 1.2 in [GJ94]). Moreover, we have:

Proposition 2.1.4. The triple (S -BiCo,⊗,1) is a symmetric monoidal category, with 1 =
(k, 0, . . . ). The triple (S -BiCo, ◦, I) is a monoidal category, with I = (0,k, 0, . . . ).

To finish this section, we adapt the inflation functor, defined in Section 1.5, to S -modules of
cochain complexes and bicomplexes:

Inf : S -Ch≤0
k −→ S -BiCok .

Let ρ : Sn → Autk(C), be a right Sn action on a cochain complex C. The inflation functor
induces a group morphism

Autk(C)→ Autk(Inf(C))

given by
Inf(f)((p, q)n ⊗ c) = (p, q)n ⊗ f(c).

By composition, we obtain a group morphism

Sn

Autk(C) Autk(Inf(C))

ρ

which defines a right action on Autk(Inf(C)).
Let M be in S -Ch≤0, then we define

Inf(M)(n) := Inf(M(n)).

The category (S -Ch≤0, ◦, I) and category (S -BiCo , ◦, I) are monoidal categories. Then,

Proposition 2.1.5. The functor

Inf : S -Ch≤0 → S -BiCo
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Chapter 2. Operadic algebras

is colax monoidal. Moreover, for all M and N in S -Ch≤0 the comparison map

Inf(M ◦N)→ Inf(M) ◦ Inf(N)

is a weak equivalence, i.e. an arity-wise pluripotential weak equivalence.

Proof. We will construct natural equivariant maps

ψM,N (n) : Inf(M ◦N)(n)→ (Inf(M) ◦ Inf(N))(n)

for any dg-S -modules M and N in non-positive degrees, making the following diagram commute:

Inf
(
(M ◦N) ◦ P

)
Inf
(
M ◦ (N ◦ P )

)

Inf(M ◦N) ◦ Inf(P ) Inf(M) ◦ Inf(N ◦ P )

(
Inf(M) ◦ Inf(N)

)
◦ Inf(P ) Inf(M) ◦

(
Inf(N) ◦ Inf(P )

)

∼=

ψM◦N,P ψM,N◦P

ψM,N ◦id id◦ψN,P

∼=

and satisfying the unitality conditions with respect to id : Inf(I) = I→ I. The horizontal maps
in the above square are induced by the symmetric monoidal structures on cochain complexes
and bicomplexes, respectively.

First, we have

Inf(M ◦N)(n) =
⊕
s≥0

⊕
i1+···+ik=n

s0+s1+···+sk=s

sM(k)s0 ⊗Sk

(
IndSn

Si1 ×···×Sik
N(i1)s1 ⊗ · · · ⊗N(ik)sk

)

and

(Inf(M) ◦ Inf(N))(n) =⊕
s≥0

⊕
i1+···+ik=n

s0+s1+···+sk=s

s0M(k)s0 ⊗Sk

(
IndSn

Si1 ×···×Sik
s1N(i1)s1 ⊗ · · · ⊗ sk

N(ik)sk

)
.

To compare these two expressions, we use the maps

ιs0,s1,...,sk
: s → s0 ⊗ s1 ⊗ · · · ⊗ sk

defined in Section 1.4, which are given by

(p, q)r 7→
∑

p0+···+pk=p
q0+···+qk=q

(−1)
∑

i
(d0+···+di−1)(di+ri)(p0, q0)s0 ⊗ · · · ⊗ (pk, qk)sk

Elements of Inf
(
(M ◦N)

)
(n) are linear combinations of formal composites

(p, q)s ⊗ (ν0; ν1, . . . , νk)σ

where s =| ν0 | + · · ·+ | νk |, σ ∈ Sn, ν0 ∈ M(k) and ν1 ∈ N(i1), . . . , νk ∈ N(ik) with
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i1 + · · ·+ ik = n. With this description we define the comparison map

ψM,N : Inf(M ◦N)→ Inf(M) ◦ Inf(N)

by letting

ψM,N (n)
(
(p, q)s ⊗ (ν0; ν1, . . . , νk)σ

)
:=

∑
p0+···+pk=p
q0+···+qk=q

(−1)ε(νp0,q0
0 ; νp1,q1

1 , . . . , νpk,qk
k )σ

where ε = ∑
i(d0 + · · ·+ di−1)(di + ri) and νpr,qr

r := (pr, qr)dr ⊗ νr and dr = |νr|. The map ψ(n)
is obviously equivariant.

The fact that it is a map of bicomplexes and the required properties of ψM,N are now directly
deduced from the case of chain complexes of k-modules of Proposition 1.6.1. Namely, the above
diagram commutes and ψM,N is a weak equivalence.

Proposition 2.1.6. The inflation functor

Inf : S -Ch≤0 → S -BiCo

sends quasi-isomorphisms to pluripotential weak equivalences.

Proof. Let φ : M → N be a quasi-isomorphism in S -Ch≤0, i.e. a sequence of quasi-isomorphisms
of cochain complexes φ(n) : M(n)→ N(n) compatible with the Sn action. Then,

Inf(φ) : Inf(M)→ Inf(N)

is a sequence of maps of bicomplexes

Inf(φ)(n) : Inf(M(n))→ Inf(N(n))

compatible with the action of Sn. By Proposition 1.5.7, the functor Inf : Ch≤0 → BiCok sends
quasi-isomorphisms to pluripotential weak equivalences, we obtain the desired result.

There is a similar story in the non-symmetric setting. In this case, one considers sequences
M = {M(n)}n≥0 of bicomplexes without the Sn-action. The associated functor is defined by

M(A) =
⊕
n≥0

M(n)⊗A⊗n.

All the constructions presented above admit an obvious non-symmetric analog.

2.2 Operads and operadic algebras
In this section, we recall the definitions of operads and operadic algebras along with some
important results, adapted to the pluripotential setting when needed. Most of the material
presented here is taken from [GJ94], [LV12], and [Fre04].

Definition 2.2.1. An operad is a monoid in the monoidal category (S -BiCo, ◦, I), that is, a
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bb-S -module P together with morphisms

γ : P ◦ P → P and η : I→ P

called the composition and unit maps, respectively, satisfying associativity

(P ◦ P) ◦ P P ◦ (P ◦ P) P ◦ P

P ◦ P P

∼=

γ◦id

id◦γ

γ

γ

and unitality
I ◦ P P ◦ P P ◦ I

P
=

η◦id

γ

id◦η

=

conditions. We denote by id the image of 1k under η.

In particular, the operad structure is determined by maps

P(k)⊗ P(i1)⊗ · · · ⊗ P(ik)→ P(i1 + · · ·+ ik)

subject to associativity, unitality and equivariance conditions. Moreover, the differentials of P,
∂ and ∂̄, are derivations for γ

∂
(
γ(µ;µ1, . . . , µk)

)
:= γ

(
∂(µ);µ1, . . . , µk

)
+

k∑
i=1

(−1)ϵiγ
(
µ;µ1, . . . , ∂(µi), . . . , µk

)
,

where ϵi = |µ|+ |µ1|+ · · ·+ |µi−1|. The same identity holds for ∂̄.
Let P be an operad and let µ ∈ P(m) an element in arity m and ν ∈ P(n) and element in

arity n. We will sometimes use the partial composition

(µ, ν) 7−→ µ ◦i ν ∈ P(m− 1 + n)

defined for 1 ≤ i ≤ m by:

−◦i− : P(m)⊗ P(n) −→ P(m− 1 + n), µ ◦i ν := γ
(
µ; id, . . . , id︸ ︷︷ ︸

i−1

, ν, id, . . . , id︸ ︷︷ ︸
m−i

)
.

Definition 2.2.2. A morphism of operads f : P → Q is a morphism of bb-S -modules which is
compatible with the composition and unit maps.

We denote the category of operads in BiCok by Op(BiCo).

Example 2.2.3. Let A be a bicomplex. Consider the internal hom defined in Section 1.1

Hom(A,B)p,q =
∏

Homk(Ai,j , Bi+p,j+q),
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2.2. Operads and operadic algebras

with differentials
∂f := [∂, f ] and ∂̄f := [∂̄, f ].

Define the following bb-S -module

End(n) := Hom(A⊗n, A)

where the action of Sn is induced by the left Sn action on A⊗n. We can endow it with an
operadic structure given by composition of endomorphisms

(f ; f1, . . . , fk) := f(f1 ⊗ · · · ⊗ fk).

The resulting operad is called the endomorphism operad.

Example 2.2.4. The associative operad is given by

Ass(n) = k[Sn]

with composition law given by ek ◦i eℓ 7→ ek+ℓ−1, where ek denotes the trivial permutation on k
elements. One can define the associative operad in the non-symmetric setting by

As(n) = k⟨µn⟩

with composition law given by µk ◦i µℓ = µk+ℓ−1.

Example 2.2.5. The commutative operad is given by

Com(n) = k

with trivial Sn action. The composition is given as in the associative operad.

If P is an operad, then Proposition 2.1.4 shows that the Schur functor

P : BiCok → BiCok

defines a monad.

Definition 2.2.6. A P-algebra is an algebra over the monad P, that is, an object A in BiCok
together with maps of bicomplexes γA : P(A) → A and ηA : A → P(A) such that the following
diagrams commute:

P ◦ P(A) P(A)

P(A) A

γ(A)

P(γA) γA

γA

A P(A)

A

ηA

γA

The P-algebra structure is determined by maps

γn : P(n) ⊗
Sn

A⊗n → A.
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Chapter 2. Operadic algebras

One should think of P(n) as the space that parametrizes all the possible ways of combining
n elements of the P-algebra.

Using the fact that there is a natural isomorphism

HomSn(P(n),Hom(A⊗n, A)) ∼= Hom(P(n) ⊗
Sn

A⊗n, A),

one can alternatively define an algebra over an operad P as a morphism of operads

P → End(A).

The image of an element µ ∈ P(n) is an operation µn : A⊗n → A. We denote the category of
P-algebras as P-Alg.

Example 2.2.7. Algebras over the associative operad are bidifferential bigraded algebras (bba’s).
That is, a bicomplex (A, ∂, ∂̄) equipped with a bidegree-preserving associative product µ such
that

∂µ = µ(∂ ⊗ id) + µ(id⊗ ∂), ∂̄µ = µ(∂̄ ⊗ id) + µ(id⊗ ∂̄).

Algebras over the commutative operad are commutative bidifferential bigraded algebras (cbba’s),
that is, bba’s whose associative product is, in addition, commutative.

The complexified de Rham algebra of a complex manifold is an example of a cbba (see
Chapter 3).

The following definition will be used to twist differentials on a P-algebra.

Definition 2.2.8. A derivation of a P-algebra A is a linear map d : A → A such that the
following diagram commutes

P(A) A

P(A) A

γA

id◦′d d

γA

where id ◦′ d denotes the map given by ∑n
i=1 idi ⊗ d⊗ idn−i in P(n)⊗Sn A

⊗n.

If A is a P-algebra, the bigraded vector space of derivations of A, Der(A), is a bidiffer-
ential bigraded Lie algebra, with bracket the graded commutator and differentials the graded
commutators with the differentials of A.

Definition 2.2.9. A pair of differentials of a P-algebra consists in two derivations (τ, τ) of
degree (1, 0) and (0, 1), respectively, such that

(∂ + τ)2 = 0, (∂̄ + τ)2 = 0 and (∂ + τ)(∂̄ + τ) + (∂̄ + τ)(∂ + τ) = 0.

If (τ, τ) is a pair of differentials, then the bicomplex (A, ∂+ τ, ∂̄+ τ) is a P-algebra with the
same structure map γA : P(A)→ A as A.

Since an operad P is a monad, we have the definition of a free P-algebra. The free P-
algebra over a bicomplex A is the algebra given by P(A) itself, and the algebra structures
γA : P ◦ P(A)→ P(A) and ηA : P(A)→ P ◦ P(A) are given by the monad structure of P.
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2.2. Operads and operadic algebras

For any P-algebra A and any linear map f : V → A, there is a unique P-algebra extension
f̃ : P(V )→ A of f :

V P(V )

A.

η

f
f̃

Note that a free algebra is unique up to a unique isomorphism.
The following proposition is very useful for constructing derivations on free algebras, see for

instance Section 6.3.6 in [LV12], [GJ94], among others.

Proposition 2.2.10. Any derivation d on a free P-algebra P(A) is uniquely determined by its
restriction to the generators, that is, by a linear map A→ P(A).

More explicitly, given a map φ : A → P(A), the unique derivation dφ of the free P-algebra
P(A) extending φ is defined by

dφ = (γ(1) ◦ idA) (idP ◦′ φ).

An algebra is said to be quasi-free if when we forget the differentials it is a free algebra.
The free operad over a bb-S -module M is an operad T(M) with a bb-S -module morphism

η(M) : M → T(M) such that given an operad P, any map f : M → P of bb-S -modules, extends
uniquely into an operad morphism f̃ : T(M)→ P:

M T(M)

P

η(M)

f
f̃

The functor T : S -BiCo→ Op(BiCo) is the left adjoint to the forgetful functor U : Op(BiCo)→
S -BiCo. Arity-wise it can be computed as

T(M)(n) := colim
t∈T(n)

M(t),

where T(n) denotes the set of rooted trees with n leaves. For a tree t, the object M(t) is the
tree-wise tensor product of the S-module M along the vertices of t:

M(t) =
⊗

v∈V (t)
M(in(v)),

where in(v) denotes the number of inputs of the vertex v. For details, see Section 5.6.1 of [LV12]
or [GJ94].

Remark 2.2.11. When M(0) = 0, T(M)(n) = ⊕
t∈T(n)M(t).

It is helpful to think of an element of T(M)(n) as a sum of rooted trees in which each vertex
v is decorated by an element of M(in(v)) and each leaf is decorated by an element of {1, . . . , n}.
The operad structure of the S -module T(M) is given by grafting of trees.

The following property will be very useful.

45



Chapter 2. Operadic algebras

Proposition 2.2.12. Let M be a bb-S -module. Any derivation dϕ : T(M)→ T(M) of the free
operad T(M) is completely characterized by the image on the generators: ϕ : M → T(M).

When representing an element of T(M) by a labeled tree, its image under dϕ is the sum
of labeled trees, where ϕ has been applied once and only once to every vertex. Such operads
are called quasi-free operads. It means that the underlying bigraded operad, forgetting the
differentials, is free.

Remark 2.2.13. Let M be a bb-S -module, the free operad on M , T(M), has a weight-grading.
By definition, the weight w(µ) of an operation µ ∈ T(M) is defined as follows:

w(id) = 0, w(µ) = 1 when µ ∈M,

and
w(ν; ν1, . . . , νn) = w(ν) + w(ν1) + · · ·+ w(νn).

We denote by T(M)(r) the bb-S -module of operations of weight r.

A completely analogous construction exists for the free non-symmetric operad using planar
trees instead, see [LV12, Sections 5.9.5 and 5.9.6] for details.

2.3 Cooperads and coalgebras over cooperads
In this section we review the dual notions of operads and algebras, that is, cooperads and
coalgebras.

Definition 2.3.1. A cooperad is a comonoid in the monoidal category (S -BiCo, ◦, I). Explicitly,
this consists of a bb-S -module C equipped with morphisms

∆ : C → C ◦ C and ε : C → I,

satisfying coassociativity and counit axioms

C C ◦ C C

C ◦ C (C ◦ C) ◦ C C ◦ (C ◦ C) I ◦ C C ◦ C C ◦ I

∆

∆ id◦∆
=

∆
=

∆◦id ∼= ε◦id id◦ε

We denote the category of cooperads by CoOp(BiCo). We will sometimes adopt the following
notation

∆(µ) =
∑

(ν; ν1, . . . , νk)σ.

And sometimes use the shorter notation

∆(ν) =
∑

ν(1) ◦ ν(2),

where
ν(2) = (ν1, . . . , νk)σ ∈ C⊗k(n).
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2.3. Cooperads and coalgebras over cooperads

The differentials ∂C and ∂̄C are coderivations, under this notation, this means

∆∂C(c) =
∑

(∂C(c) ; c1, . . . , ck)σ +
∑ k∑

i=1
(−1)θi (c ; c1, . . . , ∂C(ci), . . . , ck)σ,

where θi = |c|+ |c1|+ · · ·+ |ci−1|.
Given a cooperad (C,∆, η), one may isolate from the full decomposition map ∆ : C → C ◦ C

the part that corresponds to decomposing into two parts. Let M and N be two bb-S -modules,
we denote by M ◦(1) N the bb-S -module defined in arity n by

(M ◦(1) N)(n) =
⊕

k+ℓ=n+1
M(k)⊗Sk

 ⊕
1≤j≤k

IndSn

S×(j−1)
1 ×Sℓ×S×(k−j)

1
I⊗j−1 ⊗N(ℓ)⊗ Ik−j

 .
This yields the infinitesimal decomposition map of C, defined as the composition

∆(1) : C ∆−−→ C ◦ C −→ C ◦(1) C.

The infinitesimal decomposition may be written in the form

∆(1)(ν) =
∑
i

(ν ′
i ◦ei ν

′′
i ) τi,

for ν ′
i ∈ C(k′

i), ν ′′
i ∈ C(k′′

i ), and τi ∈ Sn, where

ν ′
i ◦ei ν

′′
i = ν ′

i ◦ (idei−1 ⊗ ν ′′
i ⊗ idk′

i−ei).

If C is a cooperad, then the Schur functor is a comonad, see [GJ94].

Definition 2.3.2. Let C be an operad. A C-coalgebra is a coalgebra over the comonad C. That
is, an object C in BiCok together with maps of bicomplexes ∆C : C → C(C) and ε : C(C)→ C

satisfying the coassociativity and counit constraints:

C C(C) C C(C)

C(C) C ◦ C(C) C

∆C

∆C C(∆C)

∆C

ε

∆C(C)

The following definition will be used to twist codifferentials on a C-coalgebra.

Definition 2.3.3. A coderivation of a C-coalgebra is a linear map d : C → C such that the
following diagram commutes

C C(C)

C C(C)

∆C

d id◦′d

∆C

The bigraded vector space of coderivations on a C-coalgebra C, Coder(C), is a bidifferential
bigraded Lie algebra with bracket the graded commutator and differentials the graded commu-
tators with the differentials of C.
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Chapter 2. Operadic algebras

Definition 2.3.4. A pair of codifferentials of a C-coalgebra consists in two coderivations (τ, τ)
of degree (1, 0) and (0, 1), respectively, such that

(∂ + τ)2 = 0, (∂̄ + τ)2 = 0 and (∂ + τ)(∂̄ + τ) + (∂̄ + τ)(∂ + τ) = 0.

If (C, ∂, ∂̄) is a C-coalgebra and (τ, τ) is a pair of codifferentials, then the bicomplex (C, ∂ +
τ, ∂̄ + τ) is a C-coalgebra with the same structure map ∆C : C → C(C) as C.

Since a cooperad C is a comonad, there is the notion of cofree coalgebra. The cofree C-
coalgebra over a bicomplex V is the algebra given by C(V ) itself, and the coalgebra structures
∆C : C(V )→ C ◦ C(V ) and ηC : C ◦ C(V )→ C(V ) are given by the comonad structure of C.

For any C-coalgebra C and any linear map f : C → V , there is a unique C-coalgebra extension
f̃ : C → C(V ) of f :

C(V )

C V

ε
f̃

f

Note that a cofree coalgebra is unique up to a unique isomorphism.
The following will be very useful to construct coderivations of cofree coalgebras.

Proposition 2.3.5. Any coderivation d on a cofree C-coalgebra C(V ) is completely characterized
by its projection onto the space of cogenerators V . Explicitly, given a map φ : C(V ) → V , the
unique coderivation dφ on the cofree C-coalgebra C(V ) that extends φ is given by

dφ =
(
idC ◦ (idV ; φ)

)(
∆(1) ◦ idV

)
where ∆(1) : C → C ◦(1) C is the infinitesimal decomposition map of the cooperad. The map

idC ◦ (idV ; φ) : (C ◦(1) C)(V ) −→ C(V )

acts by applying idV to the V -tensor factor and applying φ to the C(V )-tensor factor.

The cofree cooperad over a bb-S -module M is a cooperad Tc(M) such that for any bb-S -
module morphism φ : C →M sending id to 0, there exists a unique cooperad morphism φ̃ : C →
Tc(M) making the following diagram commute:

C F c(M)

M

φ

φ̃

The following property will be very useful to construct coderivations

Proposition 2.3.6. Let M be a bb-S -module. Any coderivation dϕ : T(M)→ T(M) of the free
operad T(M) is completely characterized by the image to the cogenerators ϕ : T(M)→M .

2.4 Minimal models of operads
We prove the existence and uniqueness of minimal models for reduced operads in BiCok with
respect to pluripotential weak equivalences. The models we give are defined inductively on arity,

48
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in the spirit of Sullivan’s minimal models and following the approach of Markl–Shnider–Stasheff
[MSS02].

We begin by introducing principal extensions of operads in bicomplexes and showing that
these satisfy a lifting property with respect to pluripotential weak equivalences. We mainly
adapt results from [MSS02], [Roi22], and [CR19] on basic homotopy theory of operads to the
pluripotential case. In particular, we will introduce a functorial path for operads in bicomplexes
and study the associated notion of homotopy equivalence.

We will work with reduced operads, i.e., operads P satisfying P(0) = 0 and P(1) = k.
Reduced operads are augmented, that is, there exists an operad morphism ε : P → I.

Definition 2.4.1. Let n ≥ 2 be an integer. Let (P, ∂P , ∂̄P) be a quasi-free operad, P = T(M)
where M is a bb-S -mod with M(0) = M(1) = 0. An arity n principal extension of P is the
quasi-free operad

P ⊔d T(E) := T(M ⊕ E),

where E is a bigraded S -module concentrated in arity n and d = (∂+∂̄) : E → ker((∂P +∂̄P)(n))
a map of degree (1, 0)+(0, 1). The differentials on P ⊔dT(E) are determined by the differentials
of P, d and the Leibniz rule.

Lemma 2.4.2. Let P⊔dT(E) be an arity n principal extension of a quasi-free operad P = T(M)
and let φ : P → Q be a morphism of operads. A morphism φ′ : P ⊔d T(E) → Q extending φ is
uniquely determined by a morphism of S -modules f : E → Q(n) satisfying (∂Q + ∂̄Q)f = φd.

Proof. By the universal property of free operads, any such φ′ is determined by its restriction
φ′

|M⊕E , and φ′
|M = φ, set f := φ′

|E . We have (∂Q + ∂̄Q)f = (∂Q + ∂̄Q)φ′
|E = φ′ ◦ d|E = φd.

The following is a pluripotential version of Lemma 3.139 in [MSS02]. We adapt the proof
given in [CR19]. In our current setting, weak equivalences and surjections are given by arity-wise
pluripotential weak equivalences and surjections respectively.

Lemma 2.4.3. Let ι : P → P ⊔d T(E) an arity n principal extension and

P Q

P ⊔d T(E) R

ι

ψ

∼ ω

φ

ψ′

a commutative diagram of operad morphisms, where ω is a surjective weak equivalence. Then,
there exists an operad morphism ψ′ making both triangles commute.

Proof. Consider the diagram of bigraded k-vector spaces:

Z(C(idQ(n)))

E Z(C(ω(n)))

Id⊕3⊕ω(n)

λ

µ

where Z(_) denotes the space of Bott-Chern cocycles, C(_) denotes the cone of a map of
bicomplexes defined in Section 1.1, and λ = (φ ◦ ∂∂̄,−φ ◦ ∂,−φ ◦ ∂̄, ψ|E). We first show this
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Chapter 2. Operadic algebras

diagram is well defined. Recall that

C(idQ(n)) = Q(n)[−1,−1]⊕Q(n)[−1, 0]⊕Q(n)[0,−1]⊕Q(n)

with differentials given by

∂(a, a′, a′′, b) = (∂a,−∂a′,−∂a′′ − a, ∂b+ a′)
∂̄(a, a′, a′′, b) = (∂̄a,−∂̄a′ + a,−∂̄a′′, ∂̄b+ a′′).

In the same way,

C(ω(n)) = Q(n)[−1,−1]⊕Q(n)[−1, 0]⊕Q(n)[0,−1]⊕R(n)

with differentials given by

∂(a, a′, a′′, b) = (∂a,−∂a′,−∂a′′ − a, ∂b+ ω(a′)),
∂̄(a, a′, a′′, b) = (∂̄a,−∂̄a′ + a,−∂̄a′′, ∂̄b+ ω(a′′)).

Let (a, a′, a′′, b) ∈ Z(C(idQ(n))), then (∂+∂̄)(a) = 0, ∂̄(a′) = −∂(a′′) = a, −(∂+∂̄)b = a′+a′′,
and

(id⊕3 ⊕ ω(n))(a, a′, a′′, b) = (a, a′, a′′, ω(b)) ∈ Z(C(ω(n)))

because −(∂ + ∂̄)ω(b) = −ω((∂ + ∂̄)b) = ω(a′ + a′′). It is also clear that Im(λ) ⊆ Z(C(ω(n)))
by Lemma 2.4.2.

We now construct a map µ : E → Z(C(idQ(n))). Since ω is a weak equivalence, we have
that HBC(C(ω(n))) = 0 (see Theorem 1.21 [Ste25a]). Let (a, a′, a′′, c) ∈ Z(C(ω(n))), then there
is an element (e, e′, e′′, f) such that ∂∂̄(e, e′, e′′, f) = (a, a′, a′′, c), note that

∂∂̄(e, e′, e′′, f) = (∂∂̄e, ∂∂̄e′ − ∂e, ∂∂̄e′′ − ∂̄e, ∂∂̄f + ω(−∂̄e′ + ∂e′′ + e)).

Since ω(n) is surjective, we may choose f ′ ∈ Q(n) such that ω(f ′) = f . Consider the element
(a, a′, a′′, ∂∂̄f ′ − ∂̄e′ + ∂e′′ + e) ∈ Z(idQ(n)). It satisfies

(id⊕3 ⊕ ω)(a, a′, a′′, ∂∂̄f ′ − ∂̄e′ + ∂e′′ + e) = (a, a′, a′′, c).

This proves id⊕3 ⊕ ω(n) is surjective. Thus, we can construct µ = (α, α′, α′′, β)(e) by choosing
a preimage of λ(e) through (id⊕3 ⊕ ω(n)). In particular, we obtain a map β : E → Q(n) such
that −(∂ + ∂̄)β(e) = (α′′ + α′)(e) = −φ(∂ + ∂̄)(e). According to Lemma 2.4.2, we may obtain
ψ′ extending φ from β : E → Q(n). Moreover, ωβ = ψ|E .

Definition 2.4.4. We will say that an operad is cofibrant if is the colimit of a sequence of
principal extensions starting from the initial operad I.

The following lifting lemma justifies the above definition.
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2.4. Minimal models of operads

Proposition 2.4.5. Let O be a cofibrant operad. For every diagram of operads

P

O Q

∼ ω
φ′

φ

in which ω is a surjective weak equivalence, there exists a morphism of operads φ′ making the
diagram commute.

Proof. We construct φ′ by induction using Lemma 2.4.3.

Remark 2.4.6. Let P be an operad and K a commutative bb-algebra. Then P⊗K = {P(n)⊗
K}n≥0 has a natural operad structure given by (p⊗ a) ◦i (q ⊗ b) = (−1)|a||q|(p ◦i q)⊗ (ab).

Consider the cbba R = k[t, ∂t, ∂̄t, ∂∂̄t] = Λ(t, ∂t, ∂̄t, ∂∂̄t), where |t| = (0, 0). We have the
unit ι : k → R and evaluations δ0 and δ1 at t = 0 and t = 1, respectively. These morphisms
satisfy δ0 ◦ ι = δ1 ◦ ι = 1. By [Ste25a, Lemma 2.13], ι is a weak equivalence of cbba’s.

Definition 2.4.7. The functorial path in the category of operads is defined as the functor
−⊗R : Op(BiCo)→ Op(BiCo), given on objects by P[t, ∂t, ∂̄t, ∂∂̄t] = P ⊗R and on morphisms
by φ⊗ idR together with the natural transformations

P P ⊗R Pι

δ1

δ0

such that δk ◦ι = id, where δk = id⊗δk : P⊗R→ P⊗k = P and ι = id⊗ι : P = P⊗k→ P⊗R.

Since ι : k → R is a pluripotential weak equivalence, we have ι(n) : P(n) = P(n) ⊗ k →
P(n)⊗ R is also a pluripotential weak equivalence of bicomplexes and hence, ι : P → P ⊗ R is
a weak equivalence of operads. Note also that the path preserves weak equivalences. Also, the
map (δ0, δ1) : P ⊗R→ P is surjective. The maps δ0 and δ1 are surjective weak equivalences.

Definition 2.4.8. Let φ,ψ : P → Q be two morphisms of operads. A homotopy from φ to ψ is
given by a morphism of operads H : P → Q⊗R such that δ0 ◦H = φ and δ1 ◦H = ψ. We use
the notation H : φ ≃ ψ.

We say that φ and ψ are homotopic if there exists a homotopy H : φ ≃ ψ.

Lemma 2.4.9. Let φ,ψ : P → Q be two homotopic morphisms of operads, then the maps
φ(n), ψ(n) : P(n)→ Q(n) are homotopic as maps of bicomplexes.

Proof. We have the following decomposition (Q ⊗ R)(n) = Q(n) ⊕ (Q ⊗ R+)(n). Here, R+

denotes the augmentation ideal of R. Note that δ0 = δ1 in the first summand. Which implies
that φ−ψ factors through (R+⊗Q)(n) which is a direct sum of squares in every arity, therefore
(φ− ψ)(n) is null-homotopic (see [Ste25a, Lemma 1.5]) and hence φ(n) ≃ ψ(n).

The homotopy relation is symmetric and reflexive. We next prove that it is transitive if the
source operad is cofibrant.

51



Chapter 2. Operadic algebras

Proposition 2.4.10. The homotopy relation between morphisms of operads is an equivalence
relation for those morphisms whose source is a cofibrant operad.

Proof. We prove transitivity, adapting the proof of [CR19] for operadic algebras. Let O be a
cofibrant operad and consider morphisms f, f ′, f ′′ : O → P together with homotopies H : f ≃ f ′

and H ′ : f ′ ≃ f ′′. Consider the pullback diagram in the category of operads

P[t, ∂t, ∂̄t, ∂∂̄t, s, ∂s, ∂̄s, ∂∂̄s]

Q P[t, ∂t, ∂̄t, ∂∂̄t]

P[s, ∂s, ∂̄s, ∂∂̄s] P

π

δ0
t

δ1
s

δ1
s

δ0
t

Since δi∗ are surjective weak equivalences, one may verify that π is a surjective weak equiva-
lence.

Consider the diagram

P[t, ∂t, ∂̄t, ∂∂̄t, s, ∂s, ∂̄s, ∂∂̄s]

O Q .

∼ π

(H,H′)

g

By Proposition 2.4.5, there exists a map g such that πg = (H,H ′). Consider the map
∇ : P[t, ∂t, ∂̄t, ∂∂̄t, s, ∂s, ∂̄s, ∂∂̄s]→ P[t, ∂t, ∂̄t, ∂∂̄t] given by t, s 7→ t. Then ∇g gives the desired
homotopy ∇g : f ≃ f ′′.

We will also use the following factorization lemma, which is a matter of verification. Let
φ : P → Q be a morphism of operads. Define the mapping path of φ by the following pull-back

M(φ) Q[t, ∂t, ∂̄t, ∂∂̄t]

P Q .

π2

π1

φ

δ0
Q

⌟

We have

Lemma 2.4.11 (c.f. [Bro73]). Given a map of operads φ : P → Q, there is a commutative
diagram

P M(φ) Q

P

ιφ

π1 δ1
Qπ2

φ
,

where ιφ := (idP , ιQφ). In addition, π1 is a surjective weak equivalence and δ1
Qπ2 is surjective. In

particular, ιφ is a weak equivalence. If φ is a weak equivalence, then δ1
Qπ2 is a weak equivalence.
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Given operads O, P, with O cofibrant, denote by [O,P] the set of homotopy classes of
morphisms of operads O → P. We have:

Proposition 2.4.12. Let O be a cofibrant operad. Any weak equivalence ω : P → Q of operads
induces a bijection ω∗ : [O,P]→ [O,Q].

Proof. We follow closely the proof given in [CR19] for operadic algebras. We first will prove ω∗
is surjective. By Lemma 2.4.11, we have the following diagram

P

M(ω)

O Qf

∼ δ1π2

(id,ιω) π1

g′

ω

where δ1π2(id, ιω) = ω and δ1π2 is a surjective weak equivalence. By Proposition 2.4.5, there
exists g′ such that δ1π2g

′ = f . Define g := π1g
′ then, f = δ1π2g

′ and ωg = ωπ1g
′ = δ0π2g

′,
which implies π2g

′ : f ≃ ωg. Therefore, for every f : O → Q there exists g : O → P such that
[ωg] = [f ] and ω∗ is surjective.

Let us prove injectivity. Let f0, f1 : O → P be such that h : ωf0 ≃ ωf1. Consider the
pull-back diagram:

P[t, ∂t, ∂̄t, ∂∂̄t]

M(ω, ω) Q[t, ∂t, ∂̄t, ∂∂̄t]

P × P Q×Q

(δ0,δ1)
ω×ω

ω

(δ0,δ1)

ω[t,∂t,∂̄t,∂∂̄t]

One can verify that ω is a weak equivalence, see [Cir15, Lemma 2.18]. Let H = (f0, f1, h)
and consider the following diagram:

P[t, ∂t, ∂̄t, ∂∂̄t]

O M(ω, ω).
ω

H

G

Since ω∗ is surjective, there exists a dotted arrow G such that ωG ≃ H. It follows that f0 ≃
δ0G ≃ δ1G ≃ f1. Then f0 ≃ f1 by Proposition 2.4.10.

We next define minimal operads as cofibrant operads satisfying an additional decomposability
condition on their differentials, and prove their existence and uniqueness. Recall that the free
operad is weight graded and that T(M)(r) denotes the S -module of operations of weight r, see
Remark 2.2.13.

Definition 2.4.13. A minimal operad is a cofibrant operad M such that the differentials are
minimal, in the sense that ∂∂̄(M) ⊆M(≥2).
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Chapter 2. Operadic algebras

The following lemma is a key result for building minimal models using principal extensions,
we will use the cone of a map of bicomplexes defined in Section 1.1.

Lemma 2.4.14. Let α :M→ P be a morphism of operads where

• M is a free operad,

• α :M→ P is a weak equivalence in arities < n.

Then, there is an arity n principal extensionM′ =M⊔d+dT(E) and a map of operads α′ : M′ →
P such that it is a weak equivalence for arities < n and

1. the bicomplex C(α′(n)) satisfies the ∂∂̄-property,

2. if C(α(n)) already satisfies the ∂∂̄-property, then α′(n) :M′(n)→ P(n) is a weak equiva-
lence for arities ≤ n.

Proof. Consider the bigraded S -mod E := HBC(C(α(n))), where

C(α(n)) =M(n)[−1,−1]⊕M(n)[−1, 0]⊕M(n)[0,−1]⊕ P(n)

denotes the cone of the morphism of bicomplexes α(n). Consider a section s := (d,−d1,−d2, f)
of the projection

Z(C(α(n)))→ HBC(C(α(n))).

Note that s(e) ∈ Z(C(α(n))) implies

(∂d, ∂d1, ∂d2 − d, ∂f − αd1) = 0⇒



∂d = 0
∂d1 = 0
∂d2 = d

∂f = αd1

and

(∂̄d, ∂̄d1 + d, ∂̄d2, ∂̄f − αd2) = 0⇒



∂̄d = 0
∂̄d1 = −d
∂̄d2 = 0
∂̄f = αd2

This shows that (d1 + d2) defines a differential ∂M ′ + ∂̄M ′ on M′ = M⊔d1+d2 T(E) and f

extends α by Lemma 2.4.2, i.e., there exists α′ :M′ → P such that α′
|M = α and α′|E = f .

We now prove (1), that is we prove that C(α′(n)) satisfies the ∂∂̄-property, which is equivalent
to

id∗ : HBC(C(α′(n)))→ HA(C(α′(n))) (2.3)

being an isomorphism, see Section 1.1.
By Remark 1.1.4, it is enough to see that H̃BC(C(α′(n))) = 0, where we recall that

H̃BC := Im∂ ∩ ker ∂̄ + Im∂̄ ∩ ker ∂
Im∂∂̄

.
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We have
C(α′(n)) ∼= ⊗M′(n)⊕ P(n) = ⊗ (M(n)⊕ E)⊕ P(n),

then, every element in C(α′(n)) can be expressed as (a + e, a′ + e′, a′′ + e′′, c). Let x = [(a +
e, a′ + e′, a′′ + e′′, c)] ∈ HBC(C(α′(n))), the cycle condition gives

∂(a+ e) = ∂̄(a+ e) = 0,
−∂(a′ + e′) = 0,
∂̄(a′ + e′) = a+ e,

−∂(a′′ + e′′) = a+ e,

∂̄(a′′ + e′′) = 0,
∂c = −α′(a′ + e′),
∂̄c = −α′(a′′ + e′′).

Which implies e = 0, since ∂(a′ + e′) ∈M(n). Graphically, this means

•a′′+e′′ •a •∂̄c

•a′+e′ •c •∂c.

α′

α′

We want to show that if a representative of a Bott-Chern class of C(α′(n)) is in Im∂+ Im∂ then
it is in Im∂∂̄ and thus, its class is trivial. Suppose there is an element (z, z′, z′′, c′) ∈ C(α′(n))
such that

∂(z, z′, z′′, c′) = (a, a′ + e′, a′′ + e′′, c),

then 

∂z = a,

−∂z′ = a′ + e′,

−∂z′′ − z = a′′ + e′′,

∂c′ + α′(z′) = c,

which implies e′ = 0 since ∂z′ ∈ M(n) and ∂∂̄z′ = ∂̄a′ = a. Now, since e′′ ∈ E =
HBC(C(α(n))), we have, by definition, that

e′′ = [s(e′′)] = [(−∂∂̄a′′, ∂a′′ + a, ∂̄a′′,−∂̄c− α(a′′))].

Note that
(−∂̄z′ − a′′, 0, 0, c′) ∈ C(α(n))

and
∂∂̄(−a′′ − ∂̄z′, 0, 0, c′) = (−∂∂̄a′′, ∂a′′ + ∂∂̄z′, ∂̄a′′, ∂∂̄c′ − α(a′′)− α(∂̄z′)) =

= (−∂∂̄a′′, ∂a′′ + a, ∂̄a′′,−∂̄c− α(a′′)) = s(e′′).

This implies e′′ = 0. Therefore, x = [(a, a′, a′′, c)] ∈ HBC(C(α(n))) = E. Consequently,
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Chapter 2. Operadic algebras

∂∂̄(x, 0, 0, 0) = (a, a′, a′′, c) in C(α′(n)), indicating that x is trivial. A similar argument shows
that if there is an element (z, z′, z′′, c′) ∈ C(α′(n)) such that ∂̄(z, z′, z′′, c′) = (a, a′ + e′, a′′ +
e′′, c), then we also have that x = [(a, a′ + e′, a′′ + e′′, c)] is trivial. Thus, we can conclude
H̃BC(C(α′(n))) = 0.

We now prove (2). Suppose C(α(n)) satisfies the ∂∂̄-property. We want to show α′(n) is a
pluripotential weak equivalence for m = 0, . . . , n. Since α′(m) = α(m) for m = 0, . . . , n− 1, it is
a pluripotential weak equivalence by induction hypothesis. Let us prove that

α′(n) = (α⊕ f) :M′(n) =M(n)⊕ E → P(n)

is a pluripotential weak equivalence.

Consider the map
j :M(n) ↪→M′(n) =M(n)⊕ E,

and the morphism

(id⊕ α′) : C(j) = ⊗M(n)⊕ (M(n)⊕ E)→ C(α(n)) = ⊗M(n)⊕ P(n).

We will prove that HBC(id⊕ α′) and HA(id⊕ α′) are isomorphisms.

Let [(x, x′, x′′, y + e)] ∈ HBC(C(j)), then

∂̄x′ = x,

−∂x′′ = x,

j(x′) = x′ = −∂(y + e),
j(x′′) = x′′ = −∂̄(y + e).

Therefore,
[(x, x′, x′′, y + e)] = [(∂∂̄(y + e),−∂(y + e),−∂(y + e), y + e)] =

= [(∂∂̄e,−∂e,−∂e, e)] + [(∂∂̄y,−∂y,−∂̄y, y)] =
= [(∂∂̄e, ∂e,−∂e, e)] + [∂∂̄(y, 0, 0, 0)].

This implies that every element in HBC(C(j)) has a representative [(∂̄∂e, ∂e,−∂̄e, e)], where
e ∈ E. If (id⊕α′)(∂∂̄e,−∂e,−∂̄e, e) = (∂∂̄e,−∂e,−∂̄e, α′e) = s(e) = ∂∂̄(y, y′, y′′, c), then e = 0.
This proves HBC(id⊕ α′) is injective.

Let e ∈ HBC(C(α(n))), we can choose a representative e = [(x, x′, x′′, c)], which implies
∂∂̄(e) = x, ∂(e) = −x′, ∂̄(e) = −x′′ and α′(e) = c. Then

[(x, x′, x′′, e)] 7→ [(x, x′, x′′, c)].

This proves HBC(id⊕ α′) is surjective.

Now, since the map C(α(n)) satisfies the ∂∂̄-property, id∗ : HA(C(α(n))) → HBC(C(α(n)))
is an isomorphism. We have the following commutative diagram:
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HBC(C(j)) HA(C(j))

HBC(C(α(n))) HA(C(α(n)))

id∗

∼=

∼=
id∗

which implies id∗ : HBC(C(j)) → HA(C(j)) is injective and, hence, an isomorphism, see
Remark 1.1.3. This gives us the isomorphism HA(id⊕ α′).

Consider the following commutative diagram where the rows are exact, see [Ste25a, Corollary
1.12]:

Hp−1,q−1
A (M(n)) Hp−1,q−1

A (M′(n)) Hp−1,q−1
A (C(j)) Hpq

BC(M(n)) Hpq
BC(M′(n)) Hpq

BC(C(j))

Hp−1,q−1
A (M(n)) Hp−1,q−1

A (P(n)) Hp−1,q−1
A (C(α(n))) Hpq

BC(M(n)) Hpq
BC(P(n)) Hpq

BC(C(α(n)))

α′ (id⊕α′)∼= ∼= α′ (id⊕α′)∼=∼=

by the Five Lemma, HA(α′(n)) and HBC(α′(n)) are isomophisms, which shows that α′(n) is a
pluripotential weak equivalence.

Theorem 2.4.15 (Existence of minimal models). Let P be an operad such that P(0) = 0 and
P(1) = k. There exists a minimal operad M and a weak equivalence M ∼−→ P.

Proof. We will define, inductively on arity m ≥ 2, a morphism of operads

αm :Mm → P

in such a way that:

(i) Mm is a minimal operad generated in arities < m,

(ii) αm : Mm → P is a pluripotential weak equivalence in arities < m.

For our base case, we begin by adding all zig-zags in arity 2: let E be the bb-S -module
E = HABC(P(2)) and s2 : HABC(P(2)) → P(2) a section of a projection P(2) ∼= HABC(P(2))⊕
P(2)sq ↠ HABC(P(2)). We set

M2 = T(E), ∂2|E = ∂HABC ∂̄2|E = ∂̄HABC α2 :M2 → P, α2|E = s2.

Note that ∂2|E ∂̄2|E = 0. The map α2 is a morphism of operads and is a pluripotential weak
equivalence in arities ≤ 2.

Assume we have defined αm : Mm → P for all m < n. Let us now build αn :Mn → P. We
apply Lemma 2.4.14 to construct an arity n principal extension M′ = Mn−1 ⊔d′+d′ T(E′) and
obtain a map α′ :M′ → P such that C(α′(n)) satisfies the ∂∂̄-property.

Then, M′ is minimal since it is cofibrant and dM′(M′) = (∂M′ + ∂̄M′)(M′) ⊆ M′(≥2).
Indeed,

• dM′|Mn−1 = dMn−1 , but ∂Mn−1 , ∂̄Mn−1 are minimal by induction hypothesis,

• dM′|E′ : E′ d′+d′

−−−→Mn−1(n) ⊆M′(≥2).
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We now apply again Lemma 2.4.14 to the map α′ : M′ → P, which satisfies that C(α′(n)) has
the ∂∂̄-property. This produces a map αn : Mn =M′⊔dn+dn

T(E)→ P which is a pluripotential
weak equivalence in arities ≤ n.

Again, Mn is minimal since it is cofibrant and ∂Mn ∂̄Mn(Mn) ⊆M(≥2)
n . Indeed,

• (∂Mn ∂̄Mn)|M′ = ∂M′ ∂̄M′ , but ∂M′ , ∂̄M′ are already minimal and

• (∂Mn ∂̄Mn)|E : E dn−→Mn−1(n)⊕ E′ ∂⊕d′
−−−→Mn−1(n) ⊆M(≥2)

n .

This completes the proof.

Proposition 2.4.16. A map ϕ : M → N of minimal operads M = (T(M), ∂, ∂̄) and N =
(T(N), ∂, ∂̄) is an isomorphism if and only if it is a weak equivalence.

Proof. Let us first introduce some notation. Let M = {M(n)}n≥1 be a bb-S -module and let
M = T(M). We will denote M<k the S -module defined by

M<k(n) :=

M(n), if k < n,

0, otherwise,

and M≤k the S -module defined by

M≤k(n) :=

M(n), if k ≤ n,
0, otherwise.

Finally, M≤k := T(M≤k).
Now, one implication is clear since an isomorphism is already a weak equivalence. Let us

prove the other implication: We will prove, by induction, that the restriction ϕn :M≤n → N≤n,
is an isomorphism for each n. This will imply that ϕ : T(M)→ T(N) is an isomorphism too.

Since M = (T(M), ∂, ∂̄) and N (T(N), ∂, ∂̄) are minimal, we have that ∂∂̄(M(2)) = 0 and
∂∂̄(N (2)) = 0. Since a pluripotential weak equivalence between minimal bicomplexes is an
isomorphism, ϕ2 :M(2)→ N (2) is an isomorphism. Now, suppose we have already proved that
ϕn is an isomorphism. We have two short exact sequences

0→M≤n(n+ 1)→M(n+ 1)→M(n+ 1)→ 0,

and
0→ N≤n(n+ 1)→ N (n+ 1)→ N(n+ 1)→ 0.

As a result, by Lemma 1.1.5, we obtain the following two commutative diagrams, where the
rows are exact:

HA(M≤n(n+ 1)) HA(M(n+ 1)) HA(M(n+ 1)) HBC(M≤n(n+ 1)) HBC(M(n+ 1))

HA(N≤n(n+ 1)) HA(N (n+ 1)) HA(N(n+ 1)) HBC(N≤n(n+ 1)) HBC(N (n+ 1))

∼= ∼= ∼=∼=
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and

HBC(M≤n(n+ 1)) HBC(M(n+ 1)) HBC(M(n+ 1)) HBp,q (M≤n(n+ 1)) HBp,q (M(n+ 1))

HBC(N≤n(n+ 1)) HBC(N (n+ 1)) HBC(N(n+ 1)) HBp,q (N≤n(n+ 1)) HBp,q (N (n+ 1))

∼= ∼= ∼=∼=

by the Five Lemma, it follows that ϕ(n + 1): M(n + 1) → N(n + 1) is a pluripotenital weak
equivalence. The minimality of M implies that the differentials ∂ and ∂̄ on

M(n+ 1) ∼=M(n+ 1)/M≤n(n+ 1)

verify ∂∂̄ = 0, and the same holds true for N . Again, this implies ϕ(n+1): M(n+1)→ N(n+1)
is an isomorphism. We have proved that ϕn+1 induces an isomorphism on the generators, hence,
the map

ϕn+1 : T(M(≤ n+ 1))→ T(N(≤ n+ 1))

is also an isomorphism.

Definition 2.4.17. A minimal model of an operad P in bicomplexes is given by a minimal
operad M together with a weak equivalence M ∼−→ P.

Theorem 2.4.18 (Uniqueness of minimal models). Minimal models are unique up to isomor-
phism.

Proof. Let α : M ∼−→ P and α′ : N ∼−→ P two minimal models of an operad P. By Proposi-
tion 2.4.12, there is a map ϕ :M→N unique up to homotopy such that the following diagram
commutes up to homotopy

N

M P.

ϕ

∼

∼

Using Lemma 2.4.9, we obtain α′(n) ◦ ϕ(n) ≃ α(n) for every n and, by Lemma 1.1.11, ϕ is a
weak equivalence. By Proposition 2.4.16, ϕ :M→N is an isomorphism.

2.5 Twisting morphisms and twisted composite products
We introduce operadic twisting morphisms for operads in bicomplexes. As in the classical
setting, they play a central role in the bar-cobar constructions. We then use twisting morphisms
to define twisted composite products, which lead to the notion of Koszul operads. Let P and C
be an operad and a cooperad in bicomplexes.

Consider the bb-S -module Hom(C,P) given by

Hom(C,P)(n)p,q := Hom(C(n),P(n))p,q

with right action of the symmetric group given by:

fσ(x) := f(xσ−1)σ.
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As in the dg setting, the pre-Lie product on Hom(C,P) is defined as

f ⋆ g := C
∆(1)−−−→ C ◦(1) C

f◦(1)g−−−−→ P ◦(1) P
γ(1)−−→ P. (2.4)

The space of invariant elements of Hom(C,P) under the symmetric action

HomS(C,P)

is stable under the pre-Lie product, and we obtain

Proposition 2.5.1. The product space of S-equivariant maps(
HomS(C,P), ⋆, ∂, ∂̄

)
is a bidifferential bigraded pre-Lie algebra.

Proof. It suffices to prove that the two components ∂ and ∂̄ are derivations with respect to ⋆.
Therefore, the proof reduces to the classical case (see [LV12, Proposition 6.4.5]).

Recall that a twisting morphism in the dg case is an equivariant map φ : C → P of degree
−1 satisfying

[d, φ] + φ ⋆ φ = 0.

With this in mind, we introduce the following bigraded version of a twisting morphism.

Definition 2.5.2. A twisting morphism φ = (φ10, φ01) : C → P consists of two maps φ10, φ01 ∈
HomS(C,P) of bidegrees (1, 0) and (0, 1), respectively, satisfying:

[∂, φ10] + φ10 ⋆ φ10 = 0,
[∂̄, φ10] + φ10 ⋆ φ01 + [∂, φ01] + φ01 ⋆ φ10 = 0,
[∂̄, φ01] + φ01 ⋆ φ01 = 0.

Remark 2.5.3. Let φ : C → P be an equivariant map such that it splits into two components
of bidegrees (1, 0) and (0, 1), φ = φ10 + φ01. Then, φ is a twisting morphism in the dg sense
with respect to the total differential d = ∂ + ∂̄ if, and only if, (φ10, φ01) is a twisting morphism
in the bigraded sense.

A left module over P is a bb-S -module M equipped with a left action

λ : P ◦M →M

which commutes with the differentials.
Let N be a bb-S -module. The free left P module on N is given by

(P ◦N, ∂P◦N , ∂̄P◦N ),

where the action λ is given by the operadic composition. The proof of the following proposition
can be found in Proposition 6.3.9 in [LV12].
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Proposition 2.5.4. Let P be an operad and let N be a bb-S -module. There is a one-to-one
correspondence between derivations on the free P-module P ◦ N and their restriction to the
space of generators N . More precisely, the unique derivation dφ : P ◦N → P ◦N which extends
φ : N → P ◦N is given by

dφ = (γ(1) ◦ idN )(idP ◦′ φ).

Any linear map α : C → P from a cooperad (C,∆, ϵ) to an operad (P, γ, u), defines a map

C ∆−→ C ◦ C α◦id−−−→ P ◦ C

which, by Proposition 2.5.4, induces a unique derivation on P ◦ C, explicitly given by

d = (γ(1) ◦ idC)(idP ◦′ [(α ◦ idC)∆].

Proposition 2.5.5. For any α, β ∈ HomS(C,P), the following relation is satisfied

dα⋆β = dα ◦ dβ.

Proof. See [LV12, Proposition 6.4.7].

Let α : C → P be a twisting morphism. Then, we define the left twisted composite product as

P ◦α C := (P ◦ C, ∂P◦C + dα10 , ∂̄P◦C + dα01).

Proposition 2.5.6. The twisted composite product defines a bicomplex, meaning the following
identities hold:

(∂P◦C + dα10)2 = 0, (∂̄P◦C + dα01)2 = 0,

and
(∂P◦C + dα10)(∂̄P◦C + dα01) + (∂̄P◦C + dα01)(∂P◦C + dα10) = 0.

Proof. By Remark 2.5.3, φ = φ10 + φ01 is a dg twisting morphism. We can endow P ◦ C with a
total differential of degree 1

d+ dφ = ∂P◦C + dφ10 + ∂̄P◦C + dφ01 .

Thus, we have (d+ dφ)2 = d[d,φ]+φ⋆φ, which is zero because φ is a dg twisting morphism. Since
d+ dφ splits into the two components

∂P◦C + dφ10 and ∂̄P◦C + dφ01

of bidegree (1, 0) and (0, 1), by degree reasons we obtain the desired result.

2.6 Koszul duality
In this section, we develop (pluripotential) Koszul duality for quadratic operads in Vectk. To
do so, we make use of the inflation functor

Inf : S -Ch≤0 → S -BiCo ,
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see Section 1.5 and Section 2.1, which allows us to use many of the computations in the dg-case.
We will first define the pluripotential Koszul dual cooperad of a quadratic operad P in k-

vector spaces. Recall that, by definition, an operadic quadratic data (E,R) in Vectk consists of
an S-module E and a sub-S-module R ⊆ T(E)(2), E then denotes the generating space and R

the set of relations. A quadratic operad associated to the quadratic data (E,R) is the operad
P(E,R) := T(E)/(R).

For the remainder of the section, P will denote a quadratic operad in Vectk, we will view
this operad as an operad in Chk or in BiCok by placing it in degree 0 or bidegree (0, 0), with
trivial differentials. We will denote by P¡ = C(sE, s2R) the dg Koszul dual cooperad of P and
by ∆ its cooperad structure (see Section 7.2 in [LV12]).

Following the classical case, one is led to define the pluripotential Koszul dual cooperad of
P as C( E, -2R). We will instead use the inflation functor, so that we can recycle the classical
computations of Koszul dual cooperads.

Definition 2.6.1. Define the pluripotential Koszul dual cooperad of P as

P¡
pp := Inf(P¡)

with the cooperad structure given by

∆ : Inf(P¡) Inf(∆)−−−−→ Inf(P¡ ◦ P¡)
ψP¡,P¡
−−−−→ Inf(P¡) ◦ Inf(P¡),

where ψ denotes the colax natural transformation of Proposition 2.1.5.

Remark 2.6.2. Note that P¡ can be viewed as a sub-cooperad of P¡
pp, given by the elements

of bidegrees (∗, 0) and, similarly, of bidegrees (0, ∗).

Example 2.6.3. The pluripotential Koszul dual of As (as a non symmetric operad) is given by

As¡pp(n) = 1−n.

Denote by µp,qn an element of arity n and bidegree (p, q). Then, the cooperad structure is given
by

∆(µp,qn ) =
∑

i1+···+ik=n

∑
p0+···+pk=p
q0+···+qk=q

(−1)θ+ε(µp0,q0
k ;µp1,q1

i1
, . . . , µpk,qk

ik
),

where θ = ∑
1≤r<s≤k ir(is + 1) and ε = ∑k

j=1(p0 + q0 + · · · + pj−1 + qj−1)(pj + qj + ij − 1).
Therefore, the infinitesimal decomposition gives

∆(1)(µp,qn ) =
∑

k+ℓ=n+1
1≤i≤k

∑
p1+p2=p
q1+q2=q

(−1)(i−1)(ℓ+1)+εµp1,q1
k ◦i µp2,q2

ℓ ,

where ε = (p1 + q1)(p2 + q2 + ℓ+ 1). For the symmetric version, we have

As¡pp(n) = 1−n ⊗ k[Sn],

with the Sn action being trivial on 1−n.
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Remark 2.6.4. Note that, since P¡ is a sub-cooperad of the cofree cooperad, it is naturally
weight graded. Then, the pluripotential Koszul dual P¡

pp inherits a weight given by ω((p, q)n ⊗
µ) = ω(µ) where µ is an element of P¡.

We will next define a twisting morphism κ : P¡
pp → P. Recall from Section 1.4 that s1 : → k

is the map of bidegree (1, 0) projecting to k. Likewise, s1 : → k is the corresponding map
of bidegree (0, 1). We construct the following two equivariant maps:

κ10 : P¡
pp = Inf(C(sE, s2R))↠ Inf(sE) = ⊗ E s1⊗id−−−→ E ↪→ P = P(E,R)

and
κ01 : P¡

pp = Inf(C(sE, s2R))↠ Inf(sE) = ⊗ E s1⊗id−−−→ E ↪→ P = P(E,R).

Remark 2.6.5. Recall that there is a dg twisting morphism, which by abuse of notation we
will still denote by κ,

κ : P¡ = C(sE, s2R)↠ sE → E ↪→ P = P(E,R).

In fact, κ10 = s⊗κ and κ01 = s⊗κ, where s(p, q)n = s1 if n = 1 and zero otherwise and similarly
for s.

Proposition 2.6.6. The pair κ = (κ10, κ01) : P¡
pp → P is a twisting morphism.

Proof. A direct computation shows

[∂, κ10] = [∂̄, κ01] = [∂, κ01] + [∂̄, κ10] = 0.

On the other hand, κ is only non-zero in weight 1. So the pre-Lie products κi,1−i ⋆ κj,1−j , with
i, j ∈ {0, 1} are zero except maybe in weight 2. But in weight 2 we have

P¡(2)
pp → P¡(1)

pp ◦(1) P¡(1)
pp

κ∗∗◦(1)κ
∗∗

−−−−−−→ (R)→ T(E)(2)/(R) = P

which is the zero map.

Recall that a dg-operad P is said to be Koszul if and only if its associated Koszul complex
is acyclic, so there is a quasi-isomorphism

P ◦κ P¡ ∼−→ I,

where P ◦κ P¡ is the Koszul complex of a quadratic dg operad (see Section 7.4 in [LV12]). In
particular, this definition depends on the chosen class of weak equivalences, which in the dg
case are just quasi-isomorphisms. In the pluripotential case, we may consider the analogous
definition with the corresponding weak equivalences. To this end, we construct the twisted
composite product P ◦κ P¡

pp associated to the twisting morphism κ : P¡
pp → P, see Section 2.5

for details. The following proposition shows that if P is a Koszul operad in the dg sense,
concentrated in degree 0, then it is also Koszul in the pluripotential sense.
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Proposition 2.6.7. Let P be a quadratic operad in k-vector spaces that is Koszul as a dg-operad.
Then, there is a pluripotential weak equivalence

P ◦κ P¡
pp

∼−→ I.

Proof. By Proposition 2.1.6, the inflation functor preserves weak equivalences. Since P is Koszul
as a dg-operad, we have a pluripotential weak equivalence

Inf(P ◦κ P¡) ∼−→ I.

We define a map of bicomplexes φ : Inf(P ◦κ P¡)→ P ◦κ P¡
pp using the colax structure of the

inflation functor given in Proposition 2.1.5

φ := ψP,P ¡ : Inf(P ◦κ P¡)→ P ◦κ Inf(P¡) = P ◦κ P¡
pp

This is a linear map of bigraded vector spaces, and it suffices to see that it is compatible with
the twisting differentials. Note that Inf(P) = P since it is concentrated in degree 0.

Since φ is constructed using the colax monoidal structure of Inf, it is clear that, when we
forget the twisting differentials, we have a map of bicomplexes

Inf(P ◦ P¡)→ P ◦ Inf(P¡)

which is a pluripotential weak equivalence by Proposition 2.1.5. Denote by dκ and dκ the twisting
differentials

dκ, dκ : Inf(P ◦κ P¡)→ Inf(P ◦κ P¡)

of bidegree (1, 0) and of bidegree (0, 1), respectively, obtained after inflation of the Koszul
complex. Explicitly, these are given by

dκ = sn ⊗
(
γ(1) ◦ idP ¡)(idP ◦′ [(κ ◦ idP ¡)∆]

)
and dκ = sn ⊗

(
γ(1) ◦ idP ¡)(idP ◦′ [(κ ◦ idP ¡)∆]

)
.

By the definition of twisted composite products (Section 2.5) and Remark 2.6.5, the derivations

dκ10 , dκ01 : P ◦ P¡
pp → P ◦ P¡

pp

are given by

(γ(1) ◦ idP ¡
pp

)(idP ◦′ [(s⊗ κ) ◦ idP ¡
pp

)∆] and (γ(1) ◦ idP ¡
pp

)(idP ◦′ [(s⊗ κ) ◦ idP ¡
pp

)∆].

Then, the map φ is a map of bicomplexes if φdκ = dκ10φ and φdκ = dκ01φ.

Let us check the first identity. On the one hand, we have

φdκ
(
(p, q)n ⊗ (µ; νi1 , . . . , νik)

)
=

=
k∑
j=1

∑
(−1)θ+

∑j−1
s=1 ds(ιsn(p, q)n)⊗ (µ ◦j κν(1)

ij
; νi1 , . . . , ν

(2)
ij
, . . . , νik),
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where ν(2)
ij

= (νij ,1, . . . , νij ,ℓ), θ is the sign given by the decomposition map of P¡, ds = |νis | and

ι = ιd1,...,dj 1,...,dj ℓ,...,dk
: d1,...,dk

→ d1 ⊗ · · · ⊗ dk
,

defined in Section 1.4. On the other hand,

dκ10φ
(
(p, q)n ⊗ (µn; νi1 , . . . , νik)

)
=

=
k∑
j=1

(−1)θ
(
(idj−1 ⊗ (s⊗ idℓ)ιdj 0,...,dj ℓ

⊗ idk−j)ιd1,...,dk
(p, q)n

)
(µ ◦j κν(1)

ij
; νi1 , . . . , ν

(2)
ij
, . . . , νik),

where d0 = |ν(1)
ij
| and s(p, q)n = s1 if n = 1 and zero otherwise. By coassociativy of the maps ι,

Proposition 1.4.4, we have

(id⊗j−1 ⊗ (s⊗ id⊗ℓ)ιdj 0,...,dj ℓ
⊗ id⊗k−j)ιd1,...,dk

(p, q)n =
= (id⊗j−1 ⊗ s⊗ id⊗k+ℓ−j)ιd1,...,dj 0,...,dj ℓ,...,dk

(p, q)n,

which by the compatibility relations between the maps ι and s, Proposition 1.4.6, gives

(−1)
∑j−1

s
dsιd1,...,dj 1,...,dj ℓ,...,dk

sn(p, q)n.

This proves that φdκ = dκ10φ. A similar computation shows φdκ = dκ01φ.

This gives us a commutative diagram

P ◦κ Inf(P¡) I

Inf(P ◦κ P¡)

φ
∼

Thus, by the two-out-of-three property, it suffices to show that φ is a pluripotential weak
equivalence, which we address in the remainder of the proof.

Since P is concentrated in bidegree (0, 0), Inf(P ◦κ P¡) and P ◦κ Inf(P¡) are bb-S -modules
in bounded bicomplexes, see Remark 1.1.9. Therefore, to show φ is a pluripotential weak
equivalence is enough to show it is a quasi-isomorphism with respect to ∂ and ∂̄. Let us focus
on the ∂-case, so we forget the differential ∂̄ and view φ as a map of complexes with respect
to the ∂-component on both sides. The strategy will actually be to split the component ∂ into
weights, obtaining a new bicomplex structure. Indeed, the natural weight-grading of P induces
a weight-grading on P ◦ P¡ and the differential ∂ of Inf(P ◦κ P¡) splits into two components
of weight 0 and 1 respectively ∂ = ∂0 + ∂1, where ∂1 = dκ. So we get that Inf(P ◦ P¡) is a
bicomplex with total differential ∂. A similar argument shows that P ◦P¡

pp with its ∂̄-differential
is also a bicomplex. Moreover, φ is a map of bicomplexes with respect to the weight-grading.
By Proposition 2.1.5, φ is a quasi-isomorphism with respect to the weight 0 component ∂0 of ∂.
Therefore, a standard spectral sequence argument shows it is a quasi-isomorphism with respect
to the total differential. This proves that H∂(φ) is an isomorphism. A parallel argument shows
H∂̄(φ) is also an isomorphism.
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We will now present a concrete and computationally effective method for constructing pluripo-
tential minimal models for operads in Vectk that are Koszul as a dg-operad, taking advantage
of the dg setting.

A coaugmented cooperad is a cooperad C equipped with a morphism η : I→ C of cooperads.
Denote by C the coaugmentation coideal, that is C := Coker(η).

Let s denote the S-module in graded vector spaces defined by (0, ks, 0, . . . ), where ks is
concentrated in degree −1.

Recall that the cobar construction of a coaugmented dg-cooperad C (see, for instance, Section
6.5 [LV12]) is given by

Ω(C) = (T(sC), d1 + d2)

where sC = s⊗ C, d1 is the derivation extending dC and d2 is the derivation extending

δ : sC
∆s⊗∆(1)−−−−−→ s⊗ s⊗ C ◦(1) C

∼=−→ sC ◦(1) sC

where ∆s(s) = −s⊗ s.
We define a quasi-free operad in bicomplexes

Ppp∞ :=
(
T(Inf(sP¡)), ∂1 + ∂2, ∂̄1 + ∂̄2

)
where ∂1 and ∂̄1 are the derivations extending the differentials of Inf(sP¡). The derivations ∂2
and ∂̄2 are defined as follows. Recall from Section 1.4 the maps of bidegree (1, 0)

sn : n −→ n+1

defined for n ≤ 0. Then ∂2 is the derivation extending the following map:

Inf(sP¡) s⊗δ−−→ Inf(sP¡ ◦(1) sP¡)
ψsP¡,sP¡
−−−−−→ Inf(sP¡) ◦(1) Inf(sP¡)

where s is induced by the maps sn, δ is the generating map for the derivation of the cobar
construction given above, and ψsP ¡,sP ¡ is the colax structure of the inflation functor, see Propo-
sition 2.1.5.

Explicitly, let µ be an element in P¡ and denote µp,q := (p, q)|µ|+1⊗ sµ ∈ Inf(sP¡). We have:

(∂1 + ∂2)(µp,q) = qµp+1,q +
∑
i

∑
p1+p2=p+1
q1+q1=q

(−1)ε+|µ′
i|(µ′

i
p1,q1 ◦ei µ

′′
i
p2,q2)σi

where ε = p+ q+ |µ|+ 1 + (p1 + q1)(p2 + q2 + |µ′′
i |+ 1). Similarly, we use the maps s to construct

∂̄2 as the derivation extending

Inf(sP¡) s⊗δ−−→ Inf(sP¡ ◦(1) sP¡)
ψsP¡,sP¡
−−−−−→ Inf(sP¡) ◦(1) Inf(sP¡).

In this case, we have:

(∂̄1 + ∂̄2)(µp,q) = −pµp,q+1 +
∑
i

∑
p1+p2=p
q1+q1=q+1

(−1)ε+|µ′
i|(µ′

i
p1,q1 ◦ei µ

′′
i
p2,q2)σi.
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Proposition 2.6.8. The tuple (Ppp∞ , ∂, ∂̄) is a bicomplex:

∂2 = ∂̄2 = ∂∂̄ + ∂̄∂ = 0.

Proof. We will prove that ∂2 = 0. The other two identities follow by analogous arguments.
Recall that the colax structure of the inflation functor involves the maps introduced in Section 1.4

ιk1,...,kn : k1+···+kn −→ k1 ⊗ · · · ⊗ kn .

For the computations below, we write di = |sµi|.

∂∂((p, q)n ⊗ sµ) =
∑

(−1)d1+1 (ιd1,d2s∂⌞(p, q)n)⊗ sµ(1) ◦i sµ(2)

+
∑

(−1)d1+1 (∂⌞ιd1,d2s(p, q)n)⊗ sµ(1) ◦i sµ(2)

+
∑

(−1)d2+1 ((ιd1,d2s⊗ id)ιd1+d2+1,d3s(p, q)n)⊗ sµ(1) ◦i sµ(2) ◦j sµ(3)

+
∑

(−1)d1+d2(id⊗ ιd2,d3s)ιd1,d2+d3+1s(p, q)n ⊗ sµ(1) ◦i sµ(2) ◦j sµ(3).

The two first summands vanish because ιk,ℓ are maps of bicomplexes and by Remark 1.4.3. The
two last summands vanish by the relations satisfied by ιk,ℓ and s, Proposition 1.4.6.

Remark 2.6.9. There is a naive cobar construction for a coaugmented cooperad C in BiCok
using the shift : BiCok → BiCok, defined in Section 1.1, that mimics the cobar construction
in the dg case. However, since the shift does not preserve minimality of bicomplexes, we will
typically obtain an operad ΩC which is not minimal as an operad in BiCok, see Definition 2.4.13.
The idea of the construction presented here is shifting before and then apply the inflation functor,
so that minimality is ensured.

Theorem 2.6.10 (Minimal model of a Koszul operad). The operad Ppp∞ is the pluripotential
minimal model of P.

Proof. We first show that Ppp∞ is a minimal operad, see Section 2.4. We need to show that it is
cofibrant and ∂∂̄ decomposes, that is:

∂∂̄(Inf(sP¡)) ⊆ (Ppp∞ )(≥2).

Note first that Ppp∞ is cofibrant since it is the colimit of a sequence of principal extensions starting
from the initial operad

I→ T(I⊕ V2)→ · · · → T(Pn−1 ⊕ Vn)→ · · · → colimnPn = Ppp∞

where the extensions are given by

V2n = HBC(Inf(sP¡(n))) and V2n+1 = HA(Inf(sP¡(n))).

By construction, ∂2 and ∂̄2 decompose. Note that ∂1 and ∂̄1 do not decompose in general but in
each arity, Inf(sP¡) is a minimal bicomplex, and so ∂1∂̄1 = 0. This shows that ∂∂̄ decomposes
and so the operad is minimal.
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By writing P = P(E,R), define α : Ppp∞ → P as the map extending

Inf(sP¡) = Inf(sC(s−1E, s−2R))↠ Inf(E) = E ↪→ P.

It only remains to show that α is a pluripotential weak equivalence. Since all bicomplexes are
bounded, it suffices to show it induces isomorphisms in H∂ and H∂̄ , see Remark 1.1.9. Note
that, by considering P¡ in bidegree (∗, 0), we may view it as a sub-cooperad of P¡

pp. Moreover,
we have H∂(P¡

pp(n)) = P¡(n) so this inclusion of cooperads is an H∂-isomorphism. This allows
us to identify P∞ as the suboperad of Ppp∞ generated by H∂(Inf(sP¡)). In particular, we have an
inclusion P∞ ↪→ Ppp∞ , which we claim is an H∂-isomorphism. Indeed, Ppp∞ is weight-graded since
it is a free operad. The differential ∂ of Ppp∞ splits into the two components ∂ = ∂1 +∂2 of weight
0 and 1, respectively. So we get that Ppp∞ is a bicomplex with total differential ∂. In a similar
way, P∞ is a bicomplex with total differential ∂ = ∂2. Moreover, the inclusion P∞ ↪→ Ppp∞ is
a map of bicomplexes with respect to the weight-grading and it is a quasi-isomorphism with
respect to the weight 0 component. Therefore, a standard spectral sequence argument shows
that P∞ ↪→ Ppp∞ is an H∂-isomorphism.

The diagram
Ppp∞

P∞ P

α
∂∼

∂

∼

commutes and so α is an H∂-isomorphism. An analogous argument embedding P¡ in bidegree
(0, ∗) gives that α is an H∂̄-isomorphism.

Example 2.6.11. Let P = As (as a non-symmetric operad), then App∞ = T(Inf(sAs¡)) and the
differentials give

∂µp,qn = qµp+1,q
n +

∑
k+ℓ=n+1

1≤i≤k

∑
p1+p2=p+1
q1+q2=q

(−1)i(ℓ+1)+n+εµp1,q1
k ◦i µp2,q2

ℓ

and
∂̄µp,qn = −pµp,q+1

n +
∑

k+ℓ=n+1
1≤i≤k

∑
p1+p2=p
q1+q2=q+1

(−1)i(ℓ+1)+n+εµp1,q1
k ◦i µp2,q2

ℓ ,

where ε = p+q+n+(p1 +q1)(p2 +q2 +ℓ) and we have set µp,qn := (p, q)2−n⊗sµn for µn ∈ As¡(n).
Algebras over this operad are precisely the pluripotential A∞-algebras that will be introduced
in Section 2.9.

Example 2.6.12. If P = Lie, we obtain Lpp∞ = T(Inf(sLie¡)) and the differentials give

∂ℓp,qn = qℓp+1,q
n +

∑
r+s=n+1

∑
σ∈Sh−1

r, s

∑
p1+p2=p+1
q1+q2=q

(−1)r(s+1)+ε sgn(σ)(ℓp1,q1
r ◦1 ℓp2,q2

s )σ

and

∂̄ℓp,qn = −pℓp,q+1
n +

∑
r+s=n+1

∑
σ∈Sh−1

r, s

∑
p1+p2=p
q1+q2=q+1

(−1)r(s+1)+ε sgn(σ)(ℓp1,q1
r ◦1 ℓp2,q2

s )σ,
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where ε = p+ q + n+ (p1 + q1)(p2 + q2 + s). We obtain thus, that a pluripotential L∞-algebra
structure on a bicomplex (L, ∂, ∂̄) is a family of operations

ℓp,qn : L⊗n −→ L, n = 2, 3, . . . ,

of bidegrees 1− n ≤ p+ q ≤ 2− n, such that each ℓp,qn is anti-symmetric and such that

[∂, ℓp,qn ] = qℓp+1,q
n +

∑
r+s=n+1

∑
σ∈Sh−1

r, s

∑
p1+p2=p+1
q1+q2=q

sgn(σ) (−1)r(s+1)+ε ℓp1,q1
r ◦

(
ℓp2,q2
s ⊗ id⊗(r−1))σ

and

[∂̄, ℓp,qn ] = −pℓp,q+1
n +

∑
r+s=n+1

∑
σ∈Sh−1

r, s

∑
p1+p2=p
q1+q2=q+1

sgn(σ) (−1)r(s+1)+ε ℓp1,q1
r ◦

(
ℓp2,q2
s ⊗ id⊗(r−1))σ

hold.

2.7 Bar-Cobar constructions for P-algebras
In this section, we introduce the bar and cobar constructions for P-algebras and give an alter-
native description of Ppp∞ -algebras in terms of codifferentials on cofree coalgebras.

Let P and C be an operad and a cooperad in bicomplexes. For the sake of simplicity, we
will restrict to connected cooperads, that is C(0) = 0 and C(1) = k, which is sufficient for our
interests. This condition may be removed assuming conilpotency on coalgebras (see Section
5.8.4 in [LV12]).

Using the notion of twisting morphism φ = (φ10, φ01) : C → P introduced in Section 2.5, we
will associate a pair of adjoint functors

Ωφ : C-coalgebras⇄ P-algebras : Bφ

relating algebras and coalgebras in bicomplexes. The construction is analogous to the classical
dg setting with the obvious difference introduced by the bicomplex structures. We will follow
the construction as explained by Getzler and Jones in [GJ94].

Let (A, ∂A, ∂̄A, γ) be a P-algebra. Consider the cofree C-coalgebra C(A) and the induced
square zero coderivations

∂1 := ∂C ◦ idA + idC ◦′ ∂A and ∂̄1 := ∂̄C ◦ idA + idC ◦′ ∂̄A.

For any linear map α : C → P, consider the unique coderivation dcα extending

C(A) α◦id−−−→ P(A) γ−→ A

as explained in Section 2.3. It is explicitly given by

dcα := (idC ◦ (idA; γ))([(idC ◦(1) α)∆(1)] ◦ idA).
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Note that, for any two linear maps α, β : C → P, the following relation is satisfied

dcαd
c
β = dcα⋆β,

see for instance [GJ94].
Recall from Definition 2.5.2, that an operadic twisting morphism φ is given by two linear

maps φ10 and φ01 which we will use to construct a functor

Bφ : P-Alg→ C-Coalg

called the bar construction with respect to φ. It is given on objects by

Bφ(A) := (C(A), ∂1 + dcφ10 , ∂̄1 + dcφ01).

By definition, Bφ(A) is a C-coalgebra with two additional coderivations. The following
proposition shows that these are indeed anti-commuting codifferentials.

Proposition 2.7.1. The bar construction Bφ(A) is a bicomplex:
(∂1 + dφ10)2 = 0,
(∂̄1 + dφ01)2 = 0, and
(∂1 + dφ10)(∂̄1 + dφ01) + (∂̄1 + dφ01)(∂1 + dφ10) = 0.

Proof. The proof is parallel to that of Proposition 2.5.6. First, note that, as in the classical
case, for any linear map α : C → P we have

∂1d
c
α + dcα∂1 = dc∂α+α∂ and ∂̄1d

c
α + dcα∂̄1 = dc

∂̄α+α∂̄ .

Since φ is a twisting morphism, the following relations are satisfied

[∂, φ10]+φ10⋆φ10 = 0, [∂̄, φ01]+φ01⋆φ01 = 0 and [∂, φ01]+φ01⋆φ10+[∂̄, φ10]+φ10⋆φ01 = 0.

Together with the fact that dcαdcβ = dcα⋆β imply

(∂1 + dcφ10)2 = 0, (∂̄1 + dcφ01)2 = 0,

and

(∂1 + dcφ10)(∂̄1 + dcφ01) + (∂̄1 + dcφ01)(∂1 + dcφ10) =
= dc[∂,φ01]+φ01⋆φ10 + dc[∂̄,φ10]+φ10⋆φ01 = 0.

Let (C,∆, ∂, ∂̄) be a C-coalgebra. Consider the free P-algebra P(C) and the induced square
zero derivations

∂1 := ∂P ◦ idC + idP ◦′ ∂C and ∂̄1 := ∂̄P ◦ idC + idP ◦′ ∂̄C .
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Let α : C → P be a linear map and consider the unique derivation daϕ extending the following
linear map

C
∆−→ C(C) α◦id−−−→ P(C),

it is explicitly given by
daα := (γ(1) ◦ idC)(idP ◦′ [(α ◦ id)∆]).

Again, for any two maps α, β : C → P, the following relation is satisfied

daαd
a
β = daα⋆β.

Let φ : C → P be an operadic twisting morphism. We define the cobar construction of C
with respect to φ as

Ωφ(C) := (P(C),−∂1 − daφ10 ,−∂̄1 − daφ01).

The following is proven analogously to Proposition 2.7.1.

Proposition 2.7.2. The cobar construction Ωφ(C) is a bicomplex.

We will now show that the two functors constructed above form an adjunction. Let φ : C → P
be an operadic twisting morphism, (C,∆, ∂, ∂̄) a C-coalgebra and (A, γ, ∂, ∂̄) a P-algebra. We
define two unary operations ⋆φ and ⋆φ in Hom(C,A) of degree (1, 0) and (0, 1), respectively:

⋆φ(α) : C ∆−→ C(C) φ10◦α−−−−→ P(A) γ−→ A

and
⋆φ(α) : C ∆−→ C(C) φ01◦α−−−−→ P(A) γ−→ A.

A map α : C → A of degree (0, 0) is a twisting morphism with respect to φ if it satisfies the
following two relations

[∂, α] + ⋆φ(α) = 0 and [∂̄, α] + ⋆φ(α) = 0.

Proposition 2.7.3. Let φ : C → P be a twisting morphism. For every P-algebra and every
C-coalgebra there exist natural bijections

HomP-Alg(ΩφC,A) ∼= Twφ(C,A) ∼= HomC-Coalg(C,BφA).

Proof. Since Ωφ is a free P-algebra, a map α̃ : Ωφ(C) → A is uniquely determined by its
restriction to the generators α : C → A. The fact that α̃ commutes with the differentials is
equivalent to the commutativity of the following two diagrams

C A

C + P(C) A

α

∂C+(φ10◦id)∆ ∂A

α+γ(idP ◦α)

C A

C + P(C) A ,

α

∂̄C+(φ01◦id)∆ ∂̄A

α+γ(idP ◦α)

which is equivalent to the two equations

[∂, α] + ⋆φ(α) = 0 and [∂̄, α] + ⋆φ(α) = 0.
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On the other hand, since Bφ(A) is cofree, a map α̃ : C → Bφ(A) is characterized by its
restriction to the cogenerators, α : C → A. Then, α̃ commutes with the differentials if and only
if the following two diagrams commute

C Bφ(A)

C A

(idC◦α)∆

∂C ∂A+γ(φ10◦id)
α

C Bφ(A)

C A ,

(idC◦α)∆

∂̄C ∂̄A+γ(φ01◦id)
α

which gives
[∂, α] + ⋆φ(α) = 0 and [∂̄, α] + ⋆φ(α) = 0.

In analogy with the classical case, we can describe Ppp∞ -algebras in terms of codifferentials
on a cofree coalgebra, where Ppp∞ denotes the pluripotential minimal model of a Koszul operad
P, see Section 2.6. In this case, we will obtain two anti-commuting codifferentials. This is done
analogously to the classical case, by defining a convenient twisting morphism

ι : P¡
pp −→ Ppp∞

and then resourcing to the bar construction. Classically, ι is just defined by suspension. In our
case, we will make use of the maps

sn : n → n+1 and sn : n → n+1

of bidegree (1, 0) and (0, 1), respectively, defined in Section 1.4. Explicitly, we consider the
equivariant maps

ι10 : P¡
pp

s⊗s−−→ Ppp∞ and ι01 : P¡
pp

s⊗s−−→ Ppp∞

given by
(i, j)n ⊗ µ 7→ (−1)i+j+n(i+ 1, j)n+1 ⊗ sµ

and
(i, j)n ⊗ µ 7→ (−1)i+j+n(i, j + 1)n+1 ⊗ sµ,

respectively.

Proposition 2.7.4. The pair ι := (ι10, ι01) defines a twisting morphism.

Proof. This follows from the relations satisfied by s, s, and the differentials, as described in
Remark 1.4.3, together with the relations involving s, s, and the maps ιk,ℓ : k+ℓ → k ⊗ ℓ

given in Proposition 1.4.6.

The bar construction given in Section 2.7 associated to the twisting morphism ι gives a
functor

Bι : Ppp∞ -Alg→ P¡
pp-Coalg.

As a consequence, any Ppp∞ -algebra can be understood as two codifferentials on the P¡
pp-cofree

coalgebra which anti-commute. Moreover, this viewpoint naturally gives a definition of ∞-
morphism in the pluripotential case:
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2.8. Homotopy theory of P-algebras

Definition 2.7.5. LetA andB be two Ppp∞ -algebras. A pluripotential∞-morphism, pp∞-morphism
for short, f : A⇝ B is a coalgebra morphism between the bar constructions

f : Bι(A)→ Bι(B).

Remark 2.7.6. Any morphism of cofree coalgebras is characterized by its projection to the
cogenerators. So a pp∞-morphism of Ppp∞ -algebras f : A⇝ B is equivalently given by a map

f̄ : P¡
pp(A)→ B

satisfying
(δB1 + δBι10)f = f(∂A1 + dAι10) and (δB1 + δBι01)f = f(∂̄A1 + dAι01),

where ∂1 +dι10 and ∂̄1 +dι01 are the codifferentials of the bar construction defined in Section 2.7
and δB1 + δBι10 and δ

B
1 + δBι01 the projection of such codifferentials to the cogenerators.

We call a pp∞-morphism a pp∞-weak equivalence if the arity 1 component, that is f1 : A→ B, is
a pluripotential weak equivalence.

Example 2.7.7. Taking P = As (as a non symmetric operad) we obtain that a pp∞-morphism
f : A⇝ B of App∞-algebras is a family of maps

fn : n ⊗A⊗n → B, for n ≥ 1.

The map f has to satisfy

(∂B1 + dBι10)f = f(∂A1 + dAι10) and (∂̄B1 + dBι01)f = f(∂̄A1 + dAι01).

Unraveling the equation we obtain the equations of a pp∞-morphism in Definition 2.9.11 of Sec-
tion 2.9.

Let ∞ -Ppp∞ -Alg denote the category whose objects are Ppp∞ -algebras and whose morphisms
are given by pp∞-morphisms. The following is automatic.

Proposition 2.7.8. The functor Bι extends to a fully faithful embedding Bι

Bι :∞ -Ppp∞ -Alg→ {quasi-free P¡
pp-Coalg}.

2.8 Homotopy theory of P-algebras
Throughout this section, P is a quadratic operad in Vectk that is Koszul as dg-operad. Let
Ppp∞ denote its pluripotential minimal model given in Section 2.6. Recall that ∞ -Ppp∞ -Alg de-
notes the category of Ppp∞ -algebras with pp∞-morphisms, and P-Alg the category of P-algebras
(in bicomplexes) with strict morphisms. The main result of this section is the equivalence of
homotopy categories

Ho(P-Alg) ∼= Ho(∞ -Ppp∞ -Alg).

Consider the twisting morphism
κ : P¡

pp → P
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defined in Section 2.6 for (co)operads in bicomplexes. By Proposition 2.7.3, this gives an ad-
junction

Ωκ : P¡
pp-Coalg P-Alg : Bκ

between coalgebras and algebras in bicomplexes. The counit of this adjunction is given as
follows: for A a P-algebra in bicomplexes, it is the map of algebras extending

P¡
pp ◦A

ε◦idA−−−→ I ◦A ∼= A

where ε denotes the counit of the cooperad P¡
pp. That is,

εκ : ΩκBκA = P ◦ P¡
pp ◦A

idP ◦ε◦idA−−−−−−→ P(A) γA−−→ A.

The unit is given by the map of coalgebras extending the map

C ∼= I ◦ C η◦idC−−−→ P ◦ C,

where η denotes the unit of the operad P. That is,

C
∆C−−→ P¡

pp ◦ C
idP¡

pp
◦η◦idC

−−−−−−−−→ P¡
pp ◦ P ◦ C = BκΩκC.

We have

Proposition 2.8.1. Let P be a Koszul operad. For every P-algebra A, the counit

εκ : ΩκBκA
∼−→ A

is a pluripotential weak equivalence of P-algebras.

Proof. By definition, we have

ΩκBκA := (P ◦ P¡
pp ◦A, ∂1 + dcκ10 + daκ10 , ∂̄1 + dcκ01 + daκ01),

where ∂1 and ∂̄1 are the induced differentials of A on P ◦P¡
pp ◦A, dcκ10 is the induced differential

by that of the bar construction

P¡
pp(A)→ P¡

pp ◦(1) P¡
pp(A)

(idC◦(1)κ
10)◦idA−−−−−−−−−−→ (P¡

pp ◦(1) P) ◦A (id;γA)−−−−→ P¡
pp(A),

and daκ10 is the differential extending the following map

P¡
pp(A)→ P¡

pp ◦ P¡
pp(A) κ10◦id◦id−−−−−−→ P ◦ P¡

pp(A).

The differentials dcκ01 and daκ01 are defined in the same manner but using κ01. Since P and P¡
pp

are weight graded, ΩκBκA is weight graded, and the weight is defined by the sum of the weights
of P and P¡

pp. We define a bounded below and exhaustive increasing filtration

Fr(ΩκBκA) := {ω | weight of ω ≤ r}.
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2.8. Homotopy theory of P-algebras

The differentials of ΩκBκA preserve the filtration. Indeed, ∂1 and ∂̄1 are weight preserving as
well as daκ10 and daκ01 . The differentials dcκ10 and dcκ01 are not weight preserving but decrease the
weight, in particular we have

dcκ∗∗(Fr(ΩκBκA)) ⊆ Fr−1(ΩκBκA).

These observations and the fact that daκ10 and daκ01 are constructed as the differentials of the
twisted composite products (Section 2.5) imply⊕

r≥0
Fr(ΩκBκA)/Fr−1(ΩκBκA) = (P ◦κ P¡

pp)(A).

Observe that, since P is Koszul, by the ABC-Künneth formulae (Proposition 1.1.14), and using
the fact that k[Sn] is a semisimple ring, we obtain

HABC
(
(P ◦κ P¡

pp)(A)
)
∼= I(HABC(A)) ∼= HABC(A).

This implies

HBC(Fr(ΩκBκA)/Fr−1(ΩκBκA)) = HA(Fr(ΩκBκA)/Fr−1(ΩκBκA)) = 0

for r > 0.
Endow A with the trivial filtration of weight 0. Then, the counit of the adjunction

εκ : ΩκBκA
γA(idP ◦ε◦idA)−−−−−−−−−→ A

is a filtered map. For r = 0, we have

F0(ΩκBκA) = I ◦ I ◦A ∼= A
∼=−→ A.

Assume inductively that, for all 0 ≤ s < r, we have a pluripotential weak equivalence

Fs := Fs(ΩκBκA) ∼−→ A.

The map of short exact sequences

0 Fr−1 Fr Fr/Fr−1 0

0 A A 0 0

induces a commutative diagram where the rows are exact (corollary 1.12 in [Ste25a])

. . . Hp−1q−1
A (Fr−1) Hp−1q−1

A (Fr) Hp−1q−1
A (Fr/Fr−1) Hpq

BC(Fr−1) Hpq
BC(Fr) Hpq

BC(Fr/Fr−1) . . .

. . . Hp−1q−1
A (A) Hp−1q−1

A (A) 0 Hpq
BC(A) Hpq

BC(A) 0 . . .

∼= ∼=
∼= ∼=

By the observation above, we obtain Fr(ΩκBκA) ∼−→ A. Since the filtration is exhaustive, this

75



Chapter 2. Operadic algebras

implies ΩκBκA
∼−→ A.

Consider the morphism
φ : Ppp∞

∼−→ P,

it induces the inclusion functor
φ∗ : P-Alg ↪→ Ppp∞ -Alg.

Denote by
i : P-Alg ↪→ Ppp∞ -Alg ↪→∞ -Ppp∞ -Alg

the obvious inclusion of categories.

Remark 2.8.2. Recall the twisting morphism

ι : P¡
pp −→ Ppp∞

introduced in Section 2.7. The twisting morphisms κ and ι satisfy κ = φ ι. From this identity,
together with the definition of the bar construction (Section 2.7), it follows that

Bκ = Bι i.

The following proposition is proved in exactly the same way as in the dg case, we include it
here for completeness.

Proposition 2.8.3. Let P be a Koszul operad. There is an adjunction

ΩκBι :∞ -Ppp∞ -Alg P-Alg : i

Proof. Let A be a Ppp∞ -algebra, consider its bar construction Bι(A). We have the following
morphism given by the unit of the adjunction associated to κ

BιA→ BκΩκ(BιA).

By the previous remark, we obtain a morphism

BιA→ Bι(iΩκ(BιA)),

which gives a pp∞-morphism by Proposition 2.7.8

η(A) : A⇝ iΩκ(BιA),

which induces a natural transformation η : id→ iΩκBι.
Let A be a P-algebra, we have the following morphism of P-algebras

εκ(A) : ΩκBιi(A) = ΩκBκ(A)→ A,

which induces a natural transformation of functors ε : ΩκBιi→ id.
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Let A be a Ppp∞ -algebra, the composite ε(ΩκBι) ◦ ΩκBιη is equal to

ΩκBι(A) Ωκ(ηκ(BιA))−−−−−−−−→ ΩκBκΩκBι(A) εκ(Ωκ(BιA))−−−−−−−−→ ΩκBι(A),

which is the identity by the adjunction associated to κ. On the other hand, the composite
i(ε(A)) ◦ η(i(A)) is a pp∞-morphism, whose image under Bι is given by

BκA
ηκ(Bκ)−−−−→ BκΩκBκA

Bκ(εκ)−−−−→ BκA,

which is the identity again by the adjunction associated to κ.

Theorem 2.8.4 (Rectification). Let P be a Koszul operad. There is a natural weak equivalence

id∞ -Ppp
∞ -Alg → ΩκBι.

Proof. To any Ppp∞ -algebra A, we apply the unit of the adjunction from Proposition 2.8.3, namely

A⇝ iΩκBιA = ΩκBιA.

Recall that this pp∞-morphism is defined by applying the unit of the adjunction associated to κ to
BιA. To show that this map is a pp∞-weak equivalence, we need to prove that its first component
is a pluripotential weak equivalence.

The first component is given by the composite:

A
∼=−→ I ◦ I ◦A ↪→ P ◦ P¡

pp ◦A.

We equip ΩκBιA with a filtration by the total weight in P ◦ P¡
pp. As in Proposition 2.8.1, the

associated graded object is⊕
r≥0

F r(ΩκBιA)/F r−1(ΩκBιA) = P ◦κ P¡
pp ◦A.

By an argument analogous to that in Proposition 2.8.1, we conclude that the morphism A ⇝
ΩκBιA is indeed a pp∞-weak equivalence.

Proposition 2.8.5. The rectification functor

ΩκBι :∞ -Ppp∞ -Alg→ P-Alg

sends pp∞-weak equivalences to pluripotential weak equivalences.

Proof. By Theorem 2.8.4, we have the following commutative diagram of pp∞-morphisms

ΩκBι(A) ΩκBι(A′)

A A′.

ΩκBι(f)

∼

f

∼
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We can restrict the diagram to the first components of the pp∞-morphisms to obtain the following
commutative diagram of maps of bicomplexes

ΩκBι(A) ΩκBι(A′)

A A′

ΩκBι(f)

∼

f1

∼

so f is a pp∞-weak equivalence if and only if ΩκBι(f) is as well.

Theorem 2.8.6 (Equivalence of homotopy categories). Let P be a Koszul operad. We have an
equivalence of homotopy categories

Ho(P-Alg) ∼= Ho(∞ -Ppp∞ -Alg).

Proof. Consider the adjuction of Proposition 2.8.3

ΩκBι :∞ -Ppp∞ -Alg P-alg : i.

The functor i preserves weak equivalences by definition. The functor ΩκBι also preserves weak
equivalences by Proposition 2.8.5. This implies they induce an adjunction at the level of homo-
topy categories. Moreover, the counit of the adjunction is given by

εκ : ΩκBιi(A) = ΩκBκ(A)→ A,

which is a pluripotential weak equivalence of P-algebras by Propostition 2.8.1. And the unit of
the adjunction is a pp∞-weak equivalence by Theorem 2.8.4. This proves that the unit and the
counit induce an isomorphism at the level of homotopy categories.

2.9 Pluripotential A∞-algebras
We now introduce the category of pluripotential A∞-algebras. As we saw in Section 2.6, these
arise as algebras over the pluripotential minimal model of the associative operad.

Originally, A∞-algebras were introduced by Stasheff in [Sta63] in his study of loop spaces
and their higher homotopy associativity. We briefly recall the classical definition: an A∞-algebra
consists of a cochain complex (A, d) together with a family of linear maps

µn : A⊗n → A

of degree 2− n for every n ≥ 2, satisfying the following relation:

[d, µn] =
∑

k+ℓ=n+1
1≤r≤k

(−1)r(1+ℓ)+nµk
(
id⊗r ⊗ µℓ ⊗ id⊗s)

where
[d, µn] := dµn −

∑
i

(−1)nµn(id⊗i−1 ⊗ d⊗ idn−i).

For low arities we have the following relations:
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• For n = 2 we have
dµ2 = µ2(d⊗ id) + µ2(id⊗ d)

• For n = 3 we have
[d, µ3] = µ2(µ2 ⊗ id)− µ2(id⊗ µ2).

An A∞-algebra can be viewed as a chain complex equipped with a binary operation that
is associative up to a coherent system of higher homotopies. In this sense, a pluripotential
A∞-algebra is analogous, with ordinary homotopy replaced by pluripotential homotopy. Maybe
surprisingly, these two definitions are quite different as one can see below.

Definition 2.9.1. A pluripotential A∞-algebra, App∞-algebra for short, consists of a bicomplex
(A, ∂, ∂̄) together n-ary operations of bidegree (p, q)

µp,qn : A⊗n → A

for every n ≥ 2, where the operations are nonzero only in the following cases:

• when p+ q = 2− n and p, q ≤ 0,

• when p+ q = 1− n and p, q ≤ 1.

These operations must satisfy the following relations:

[∂, µp,qn ] = qµp+1,q
n +

∑
k+ℓ=n+1

1≤i≤k

∑
p1+p2=p+1
q1+q2=q

(−1)i(ℓ+1)+n+εµp1,q1
k (id⊗i−1 ⊗ µp2,q2

ℓ ⊗ id⊗k−i), (Ap,qn )

and

[∂̄, µp,qn ] = −pµp,q+1
n +

∑
k+ℓ=n+1

1≤i≤k

∑
p1+p2=p
q1+q2=q+1

(−1)i(ℓ+1)+n+εµp1,q1
k (id⊗i−1 ⊗ µp2,q2

ℓ ⊗ id⊗k−i), (Ap,qn )

where ε = (p1 + q1)(ℓ+ p2 + q2) + (p+ q + n).

Remark 2.9.2. For a fixed n, there are 2n − 3 operations: n − 1 of them have total degree
2− n, and n− 2 of them have total degree 1− n. The relations can be represented as follows:

µp2,q2
ℓ

[∂, µp,qn ] = qµp+1,q
n +

∑
±

µp1,q1
k

n n
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Here, the sum runs over all compositions of arity n (as in A∞-algebras) and bidegree (p+ 1, q).
Notice that if p + q = 2 − n, the first tree in the picture vanishes, and all operations in the
summation satisfy pi + qi = 2− n by degree reasons. On the other hand, if p+ q = 1− n, then
in each composition in the summation, exactly one operation satisfies pi + qi = 1− n.
Remark 2.9.3. Note that if (A, ∂, ∂̄, {µ∗,∗

• }) is a App∞-algebra, the tuples (A, ∂, {µ∗,0
• }) and

(A, ∂̄, {µ0,∗
• }) are A∞-algebras.

Example 2.9.4. A bidifferential bigraded algebra, see Example 2.2.7, is an example of a App∞-
algebra with µp,qn = 0 for all n ≥ 3.
Example 2.9.5. Let us break down the previous definition in the case of low arities.
• For n = 2, there is a unique bidegree-preserving binary operation

µ2 : A⊗2 → A

satisfying
∂µ2 = µ2(∂, id) + µ2(id, ∂) and ∂̄µ2 = µ2(∂̄, id) + µ2(id, ∂̄).

This is equivalent to say that both ∂ and ∂̄ are derivations with respect to µ2.

• For n = 3, we have three ternary operations

µp,q3 : A⊗3 −→ A, (p, q) ∈ {(−1, 0), (0,−1), (−1,−1)},

satisfying
[
∂, µ-1,0

3
]

= µ2(µ2 ⊗ id)− µ2(id⊗ µ2),
[
∂̄, µ-1,0

3
]

= 0,[
∂, µ0,-1

3
]

= 0,
[
∂̄, µ0,-1

3
]

= µ2(µ2 ⊗ id)− µ2(id⊗ µ2),[
∂, µ-1,-1

3
]

= −µ0,-1
3 ,

[
∂̄, µ-1,-1

3
]

= µ-1,0
3 .

In particular, these imply
[
∂,
[
∂̄, µ-1,-1

3
]]

= µ2(µ2 ⊗ id)− µ2(id⊗ µ2).

Thus, µ2 is associative up to a pluripotential homotopy given by µ-1,-1
3 . Note that µ-1,0

3 and
µ0,-1

3 are determined by µ-1,-1
3 , in fact this holds in general, see the next remark for a detailed

explanation.
Remark 2.9.6. Note that

[∂, µp−1,q
n ]− [∂̄, µp,q−1

n ] = (p+ q)µp,qn ,

for any n ≥ 2 and p, q ∈ Z≤0. This means that, in arity n, the n− 2 operations of total degree
1− n determine the n− 1 operations of total degree 2− n.
Definition 2.9.7. Let (A, {µ∗,∗

• }) and (B, {ν∗,∗
• }) be two pluripotential A∞-algebras. A pp∞-

morphism f : A⇝ B is a family of linear maps

fp,qn : A⊗n → B, n ≥ 2,
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of bidegree (p, q) that are non-zero only in the following cases:

• when p+ q = 1− n and p, q ≤ 0,

• when p+ q = −n and p, q ≤ −1

such that

[∂, fp,qn ] =qfp+1,q
n −

∑
i1+···+ik=n

∑
p0+pi1 +···+pik

=p+1
q0+qi1 +···+qik

=q

(−1)θ(i1,...,ik)+ε1 νp0,q0
k

(
f
pi1 ,qi1
i1

⊗ · · · ⊗ fpik
,qik

ik

)

−
∑

k+ℓ=n+1
r+s+1=k

∑
p1+p2=p+1
q1+q2=q

(−1)r(1+ℓ)+k+ε2 fp1,q1
k

(
id⊗r ⊗ µp2,q2

ℓ ⊗ id⊗s
)
,

and

[∂̄, fp,qn ] =− pfp,q+1
n −

∑
i1+···+ik=n

∑
p0+pi1 +···+pik

=p
q0+qi1 +···+qik

=q+1

(−1)θ(i1,...,ik)+ε1 νp0,q0
k

(
f
pi1 ,qi1
i1

⊗ · · · ⊗ fpik
,qik

ik

)

−
∑

k+ℓ=n+1
r+s+1=k

∑
p1+p2=p
q1+q2=q+1

(−1)r(1+ℓ)+k+ε2 fp1,q1
k

(
id⊗r ⊗ µp2,q2

ℓ ⊗ id⊗s
)
.

Here,
θ := θ(i1, . . . , ik) :=

∑
1≤r<s≤k

ir(is + 1),

ε1 :=
k∑
j=1

j−1∑
r=0

(pr + qr)

 (pj + qj + ij + 1) + p+ q + n+ 1,

and
ε2 = (p1 + q1)(p2 + q2 + ℓ) + p+ q + n+ 1.

Remark 2.9.8. For every n ≥ 1 there are 2n− 1 linear maps, n of total degree 1−n and n− 1
of total degree −n.

Example 2.9.9. Again, let us break down the definition of pp∞-morphisms in the case of low
arities.

• For n = 1, we have a single degree-preserving map

f1 : A→ B,

such that
[∂, f1] = 0 and [∂̄, f1] = 0.

In other words, f1 is a map of bicomplexes.

• For n = 2, we have three linear maps

fp,q2 : A⊗2 → B
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of bidegrees (−1, 0), (0,−1), and (−1,−1) satisfying

[∂, f -1,0
2 ] = −µB2

(
f1 ⊗ f1

)
+ f1

(
µA2
)
,

[∂, f0,-1
2 ] = 0,

[∂, f -1,-1
2 ] = −f0,-1

2 ,

and similarly,

[∂̄, f -1,0
2 ] = 0,

[∂̄, f0,-1
2 ] = −µB2

(
f1 ⊗ f1

)
+ f1

(
µA2
)
,

[∂̄, f -1,-1
2 ] = f -1,0

2 .

In particular, we have
[∂, [∂̄, f -1,-1

2 ]] = −µB2
(
f1 ⊗ f1

)
+ f1

(
µA2
)
.

Remark 2.9.10. Note again that

[∂, fp−1,q
n ] + [∂̄, fp,q−1

n ] = (p+ q)fp,qn ,

so, in arity n, the n − 1 linear maps of total degree −n determine the n linear maps of total
degree 1− n.

Definition 2.9.11. A pp∞-morphism f : A⇝ B is called a pp∞-weak equivalence if f1 is a pluripo-
tential weak equivalence. We say that f is strict if fn = 0 for all n ≥ 2. The identity pp∞-morphism
is the strict morphism with f1 = idA.

The composition of two ∞-morphisms g : A⇝ B and f : B ⇝ C, is given by

(f ◦ g)n =
∑

i1+···+ik=n

∑
p0+···+pk=p
q0+···+qk=q

(−1)θ(i1,...,ik)+ε fp0,q0
k

(
gp1,q1
i1

⊗ · · · ⊗ gpk,qk
ik

)
,

where the sign θ(i1, . . . , ik) is defined as in the pp∞-morphism relations and

ε :=
k∑
j=1

j−1∑
r=0

(pr + qr)

 (pj + qj + ij + 1).

This composition is associative, since pp∞-morphisms are precisely morphisms between the images
of the source and the target under the bar construction Bι, see Section 2.7.

2.10 Homotopy transfer
In this section we show that any bba induces a pluripotential A∞-algebra structure on any
homotopy equivalent bicomplex, with explicit formulas.

Let (A, ∂, ∂̄, µ) be a bidifferential bigraded algebra, see Example 2.2.7. For the rest of the
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section, fix a contraction

(A, ∂, ∂̄) (B, ∂, ∂̄).
f

g
h11 (C)

Recall from Section 1.2 that the maps satisfy

fg = idB and gf − idA = [∂, [∂̄, h11]].

We define h10 := [∂̄, h11] and h01 := −[∂, h11], which are chain homotopies with respect to ∂

and ∂̄, respectively:

gf − idA = [∂, h10] and gf − idA = [∂̄, h10].

One can define a binary operation ν2 : B ⊗B → B by the formula

ν2 := fµ(g, g).

This operation is only associative up to pluripotential homotopy. Indeed, the ternary operation
ν-1,-1

3 : B⊗3 → B, defined by the formula

ν-1,-1
3 := fµ(h11µ(g, g), g)− fµ(g, h11µ(g, g)),

satisfies the relation
ν2(ν2, id)− ν2(id, ν2) = [∂, [∂̄, ν-1,-1

3 ]].

Remark 2.10.1. This operation satisfies ∂̄ν-1,-1
3 − ν-1,-1

3 ∂̄ = ν-1,0
3 and ∂ν-1,-1

3 − ν-1,-1
3 ∂ = −ν0,-1

3 ,
where

ν-1,0
3 = fµ(h10µ(g, g), g)− fµ(g, h10µ(g, g)),

and
ν0,-1

3 = fµ(h01µ(g, g), g)− fµ(g, h01µ(g, g)).

In general, one can define the following abstract maps associated to a contraction, called
p-kernels, which will be used to transfer the algebraic structure of a bba through a minimal
contraction.

The associated p-kernels are the linear maps

{mp,q
n : A⊗n → A}n≥2

of bidegree (p, q) where

• p+ q = 2− n and p, q ≤ 0, or

• p+ q = 1− n and p, q ≤ −1.

These are defined recursively by

mp,q
n :=

∑
k+ℓ=n
k,ℓ≥1

∑
p1+p2−α1−α2=p
q1+q2−β1−β2=q

(−1)k(ℓ+1)+εµ(hα1β1m
p1,q1
k ⊗ hα2β2m

p2,q2
ℓ ),
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where ε = (α1 + β1)(d1 + k) + (α1 + β1 + d1)(α2 + β2 + 1) + (α1 + β1 + d1 +α2 + β2)(d2 + ℓ) and
dx = px + qx for x = 1, 2. We formally write h11m1 = id, h01m1 = 0 and h10m1 = 0.

Remark 2.10.2. These maps can be defined as linear combinations of planar binary trees with
n leaves, where each internal edge is labeled by h10, h01 or h11. Due to degree constraints, only
one leaf decorated with h11 is permitted per tree. Explicitly, let PBTn the set of all planar
binary trees with n leaves. Then, we have

mp,q
n =

∑
t∈PBTn

±mp,q
t ,

where

• if p + q = 2 − n, mp,q
t consists of the sum of (n−2)!

|p|!|q|! copies of t such that each copy is a
different way of decorating the internal edges with |p| homotopies h10 and |q| homotopies
h01,

• if p+ q = 1− n, mp,q
t consists of the sum (with signs) of (n−2)!

(|p|−1)!(|q|−1)! copies of t such that
each copy is a different way of decorating the internal edges with |p| − 1 homotopies h10,
|q| − 1 homotopies h01 and one homotopy h11.

Example 2.10.3. Below, the operation m-2,-1
4 is depicted as a sum of planar binary trees with

4 leaves:

Lemma 2.10.4. Let (A, ∂, ∂̄, µ) be a bidifferential bigraded algebra. Given a contraction

(A, ∂, ∂̄) (B, ∂, ∂̄),
f

g
h11

define, for all n ≥ 2,

νp,qn := fmp,q
n g⊗n and gp,qn :=

∑
i−α=p
j−β=q

(−1)(α+β)(i+j+n)hαβm
i,j
n g

⊗n.

Then, (B, ∂, ∂̄, {ν∗,∗
• }) is a App∞-algebra, and g = (g, {g∗,∗

• }) is a pp∞-weak equivalence g : B ⇝ A.

Proof. In the proof of the analogous result in [Mar06], Markl states: “A straightforward but
awfully technical induction shows that...” However, the corresponding awfully technical induction
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is not explicitly presented in the paper. As one might expect, the proof of Lemma 2.10.4 is even
worse. But since I’m just a PhD student, I had no choice but to write out the proof, which is
given in the remainder of the section.

Remark 2.10.5. Note that, by the definition of mp,q
n , we can rewrite νp,qn and gp,qn as

νp,qn =
∑

k+ℓ=n

∑
p1+p2=p
q1+q2=q

(−1)k(ℓ+1)+d1(d2+ℓ+1)fµ(gp1,q1
k ⊗ gp2,q2

ℓ ),

and
gp,qn =

∑
k+ℓ=n

∑
p1+p2−α=p
q1+q2−β=q

(−1)εhαβµ(gp1,q1
k ⊗ gp2,q2

ℓ ),

where ε = k(ℓ + 1) + d1(d2 + ℓ + 1) + (α + β)(d1 + d2 + k + ℓ) and dx = px + qx for x = 1, 2.
This expression will be used to prove the unital and commutative versions of the above lemma.

To prove Lemma 2.10.4, we will employ an alternative definition of the p-kernels for a more
compact presentation in the proof. We will use the bicomplexes n and the maps

ιk1,...,kr : k1+···+kr → k1 ⊗ · · · ⊗ kr

defined in Section 1.4.

Remark 2.10.6. Recall from Section 1.4, the maps

s1, s1 : → k

of bidegree (1, 0) and (0, 1), respectively. A pluripotential homotopy from f : A→ B to g : A→
B is equivalent to a bidegree preserving map h : ⊗A→ B such that

[∂,h] = (f − g)(s1 ⊗ id) and [∂̄,h] = (f − g)(s1 ⊗ id).

The p-kernels are equivalent to bidegree preserving linear maps

mn : 2−n ⊗A⊗n → A,

for n ≥ 2 given by

mn : =
∑

k+ℓ=n
(−1)k(ℓ+1)µ

(
h(id⊗mk)⊗ h(id⊗mℓ)

)
∆h
k,ℓ.

Here,

∆h
k,ℓ := τ(ι1,2−k,1,2−ℓ ⊗ id⊗n) : 2−n ⊗A⊗n → ⊗ 2−k ⊗A⊗k ⊗ ⊗ 2−ℓ ⊗A⊗ℓ,

for k, ℓ ≥ 1 with the formal convention that 1 = and h
(
(-1, -1) ⊗ m1((1, 1)1 ⊗ _)

)
= id and

zero otherwise. The map τ denotes the permutation of tensor factors

τ : ⊗ 2−k ⊗ ⊗ 2−ℓ ⊗A⊗n ∼=−→ ⊗ 2−k ⊗A⊗k ⊗ ⊗ 2−ℓ ⊗A⊗ℓ.
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To simplify even more the notation, from now on, we will write

∆∂,r
k,ℓ := τr(ι2−k,2−ℓs3−k−ℓ ⊗ id⊗k+ℓ−1) : 3−k−ℓ ⊗A⊗k+ℓ−1 → 2−k ⊗A⊗r−1 ⊗ 2−ℓ ⊗A⊗ℓ+k−r,

where s3−k−ℓ : 3−k−ℓ → 4−k−ℓ is the map defined in Section 1.4 and τr is again the obvious
permutation of tensor products. Likewise, we define

∆∂̄,r
k,ℓ := τr(ι2−k,2−ℓs3−k−ℓ ⊗ id⊗k+ℓ−1) : 3−k−ℓ ⊗A⊗k+ℓ−1 → 2−k ⊗A⊗r−1 ⊗ 2−ℓ ⊗A⊗ℓ+k−r.

Lemma 2.10.7. The p-kernels satisfy the following relations

[∂,mn] =
∑

k+ℓ=n+1
1≤r≤k
k,ℓ≥2

(−1)r(1+ℓ)+nmk(id⊗r ⊗ gfmℓ ⊗ id⊗k−r)∆∂,r
k,ℓ (Mn)

and
[∂̄,mn] =

∑
k+ℓ=n+1

1≤r≤k
k,ℓ≥2

(−1)r(1+ℓ)+nmk(id⊗r ⊗ gfmℓ ⊗ id⊗k−r)∆∂̄,r
k,ℓ (Mn)

for every n ≥ 2.

Proof. We will only prove the relations Mn, the relations Mn are analogous. We have m2 = µ

and it satisfies the relation (M2). Assume inductively that mm satisfies the equation (Mm) for
all m < n. By definition,

[∂,mn] =
∑

k+ℓ=n
(−1)k(ℓ+1)∂µ

(
h(id⊗mk)⊗ h(id⊗mℓ)

)
∆h
k,ℓ

−
∑

k+ℓ=n
(−1)k(ℓ+1)µ

(
h(id⊗mk)⊗ h(id⊗mℓ)

)
∆h
k,ℓ∂,

where, by abuse of notation, ∂ also denotes the induced differential on the tensor product. Using
∂µ = µ∂ and ∂∆h

k,ℓ = ∆h
k,ℓ∂ yields

[∂,mn] =
+

∑
k+ℓ=n

(−1)k(ℓ+1)µ
(
∂h(id⊗mk)⊗ h(id⊗mℓ)

)
∆h
k,ℓ (P1)

+
∑

k+ℓ=n
(−1)k(ℓ+1)µ

(
h(id⊗mk)⊗ ∂h(id⊗mℓ)

)
∆h
k,ℓ (P2)

−
∑

k+ℓ=n
(−1)k(ℓ+1)µ

(
h(id⊗mk)∂ ⊗ h(id⊗mℓ)

)
∆h
k,ℓ (P3)

−
∑

k+ℓ=n
(−1)k(ℓ+1)µ

(
h(id⊗mk)⊗ h(id⊗mℓ)∂

)
∆h
k,ℓ. (P4)

Applying the induction hypothesis

−mk∂ = −∂mk +
∑

k′+ℓ′=k+1
1≤r≤k′

k′,ℓ′>1

(−1)r(1+ℓ′)+kmk′(id⊗r ⊗ gfmℓ′ ⊗ id⊗k′−r)∆∂,r
k′,ℓ′
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for k ≥ 2 to P3 and P4 gives

P3 =
−

∑
k+ℓ=n
k>1

(−1)k(ℓ+1)µ
(
h∂(id⊗mk)⊗ h(id⊗mℓ)

)
∆h
k,ℓ (P3.1)

+
∑

k+ℓ=n
k>1

∑
k′+ℓ′=k+1

1≤r≤k′

k′,ℓ′>1

(−1)k(ℓ+1)+r(1+ℓ′)+kµ
(
h(id,mk′(id⊗r, gfmℓ′ , id⊗k′−r)∆∂,r

k′,ℓ′),h(id,mℓ)
)
∆h
k,ℓ

(P3.2)
− (−1)nµ

(
∂ ⊗ h(id⊗mn−1)

)
∆h

1,n−1 (P3.3)

and

P4 =
−

∑
k+ℓ=n
ℓ>1

(−1)k(ℓ+1)µ
(
h(id⊗mk)⊗ h∂(id⊗mℓ)

)
∆h
k,ℓ (P4.1)

+
∑

k+ℓ=n
ℓ>1

∑
k′+ℓ′=ℓ+1

1≤r≤k′

k′,ℓ′>1

(−1)k(ℓ+1)+r(1+ℓ′)+ℓµ
(
h(id,mk),h(id,mk′(id⊗r, gfmℓ′ , id⊗k′−r)∆∂,r

k′,ℓ′)
)
∆h
k,ℓ

(P4.2)
− µ

(
h(id⊗mn−1)⊗ ∂

)
∆h
n−1,1. (P4.3)

Now grouping P1+P3.1+P3.3 and P2+P4.1+P4.3 leads to

P1+P3.1+P3.3+P2+P4.1+P4.3 =
∑

k+ℓ=n
k>1

(−1)k(ℓ+1)µ
(
(∂h− h∂)(id⊗mk)⊗ h(id⊗mℓ)

)
∆h
k,ℓ

+
∑

k+ℓ=n
l>1

(−1)k(ℓ+1)µ
(
h(id⊗mk)⊗ (∂h− h∂)(id⊗mℓ)

)
∆h
k,ℓ.

From Remark 2.10.6, the identity [∂,h] = (gf − id)(s1 ⊗ id) implies∑
k+ℓ=n
k>1

(−1)k(ℓ+1)µ
(
gf(s1 ⊗mk)⊗ h(id⊗mℓ)

)
∆h
k,ℓ

−
∑

k+ℓ=n
k>1

(−1)k(ℓ+1)µ
(
(s1 ⊗mk)⊗ h(id⊗mℓ)

)
∆h
k,ℓ

+
∑

k+ℓ=n
ℓ>1

(−1)k(ℓ+1)µ
(
h(id⊗mk)⊗ gf(s1 ⊗mℓ)

)
∆h
k,ℓ

−
∑

k+ℓ=n
ℓ>1

(−1)k(ℓ+1)µ
(
h(id⊗mk)⊗ (s1 ⊗mℓ)

)
∆h
k,ℓ.
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Expanding the definitions of mk and mℓ, we obtain

−
∑

k+ℓ=n
k>1

(−1)k(ℓ+1)µ
(
(s1 ⊗mk)⊗ h(id⊗mℓ)

)
∆h
k,ℓ

−
∑

k+ℓ=n
ℓ>1

(−1)k(ℓ+1)µ
(
h(id⊗mk)⊗ (s1 ⊗mℓ)

)
∆h
k,ℓ =

= −
∑

k′+ℓ′+ℓ=n
(−1)ε1µ

(
µ
(
h(id,mk′),h(id,mℓ′)

)
,h(id,mℓ)

)
(s1,∆h

k′,ℓ′ , id⊗2+ℓ)∆h
k′+ℓ′,ℓ

−
∑

k+k′+ℓ′=n
(−1)ε2µ

(
h(id,mk), µ

(
h(id,mk′),h(id,mℓ′)

))
(id⊗2+k, s1,∆h

k′,ℓ′)∆h
k,k′+ℓ′ = 0,

where ε1 = (k′ +ℓ′)(ℓ+1)+k′(ℓ′ +1) and ε2 = k(k′ +ℓ′ +1)+k′(ℓ′ +1). Here, we have employed
the associativity of µ and the relation

(s1,∆h
k1,k2 , id

⊗2+k3)∆h
k1+k2,k3 = (−1)k1+1(id⊗2+k1 , s1,∆h

k2,k3)∆h
k1,k2+k3 .

We rewrite ∑
k+ℓ=n
k>1

(−1)k(ℓ+1)µ
(
gf(s1 ⊗mk)⊗ h(id⊗mℓ)

)
∆h
k,ℓ

+
∑

k+ℓ=n
ℓ>1

(−1)k(ℓ+1)µ
(
h(id⊗mk)⊗ gf(s1 ⊗mℓ)

)
∆h
k,ℓ

as ∑
k+ℓ=n
k>1

µ
(
id⊗ h(id⊗mℓ)

)
∆h

1,ℓ(id⊗ gfmk ⊗ id⊗ℓ)∆∂,1
ℓ+1,k (P5)

+
∑

k+ℓ=n
ℓ>1

(−1)k(ℓ+1)+k+1µ
(
h(id⊗mk)⊗ id)

)
∆h
k,1(id⊗k+1 ⊗ ipmℓ)∆∂,k+1

k+1,ℓ .

The expression P3.2 becomes∑
k′+ℓ′+ℓ=n+1

1≤r≤k′

k′,ℓ′>1

(−1)ε1µ
(
h(id⊗mk′)⊗ h(id⊗mℓ)

)
∆h
k′,ℓ(id⊗r ⊗ gfmℓ′ ⊗ id⊗k′−r+ℓ)∆∂,r

k′+ℓ,ℓ′ ,

where ε1 = r(1 + ℓ′) + k′ + ℓ+ 1 + (k′ + ℓ′ + 1)(ℓ+ 1) + ℓ′(ℓ+ 1) + 1.
Similarly, we rewrite P4.2 as∑
k+k′+ℓ′=n+1

1≤r≤k′

k′,ℓ′>1

(−1)ε2µ
(
h(id⊗mk)⊗ h(id⊗mk′)

)
∆h
k,k′(id⊗k+r ⊗ gfmℓ′ ⊗ id⊗k′−r)∆∂,k+r

k+k′,ℓ′ ,

where ε2 = k(k′ +ℓ′)+r(1+ℓ′)+k′ +ℓ′ +k+1. Finally, reindexing and summing P5+P3.2+P4.2
completes the proof.
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Remark 2.10.8. A pluripotential A∞-algebra is equivalently defined as a bicomplex (A, ∂, ∂̄)
together with n-ary operations

µn : n−2 ⊗A⊗n → A

for each n ≥ 2, each of bidegree (0, 0), satisfying the following conditions:

[∂,µn] =
∑

k+ℓ=n+1
1≤r≤k

(−1)r(1+ℓ)+n µk

(
id⊗r ⊗ µℓ ⊗ id⊗k−r

)
∆∂,r
k,ℓ ,

[∂̄,µn] =
∑

k+ℓ=n+1
1≤r≤k

(−1)r(1+ℓ)+n µk

(
id⊗r ⊗ µℓ ⊗ id⊗k−r

)
∆∂̄,r
k,ℓ .

Lemma 2.10.9. The p-kernels induce a App∞-structure on B by the formula

νn = f ◦mn ◦ (id⊗ g⊗n).

Proof. By Remark 2.10.8, the operations νn constitute an App∞-structure if and only if

[∂,νn]−
∑

k+ℓ=n+1
1≤r≤k

(−1)r(1+ℓ)+n νk
(
id⊗r ⊗ νℓ ⊗ id⊗k−r

)
∆∂,r
k,ℓ = 0,

and

[∂̄,νn]−
∑

k+ℓ=n+1
1≤r≤k

(−1)r(1+ℓ)+n νk
(
id⊗r ⊗ νℓ ⊗ id⊗k−r

)
∆∂̄,r
k,ℓ = 0.

Expanding the definition of νn in the first expression, we obtain

∂fmn(id⊗ g⊗n)− fmn(∂ ⊗ g⊗n)−
n∑
j=1

fmn(id⊗ g⊗j−1 ⊗ g∂ ⊗ gn−j)

−
∑

k+ℓ=n+1
1≤r≤k

(−1)r(1+ℓ)+n fmk

(
id⊗ g⊗r−1 ⊗ gfmℓ(id⊗ g⊗ℓ)⊗ g⊗k−r

)
∆∂,r
k,ℓ

which gives

f

(
∂mn −

n+1∑
j=1

mn(id⊗j−1 ⊗ ∂ ⊗ id⊗n+1−j)

−
∑

k+ℓ=n+1
1≤r≤k
k,ℓ≥2

(−1)r(1+ℓ)+nmk

(
id⊗r ⊗ gfmℓ ⊗ id⊗k−r

)
∆∂,r
k,ℓ

)
(id⊗ g⊗n) = 0

by Lemma 2.10.7. Here, we use that g and f are maps of bicomplexes and that

(id⊗ g⊗r ⊗ id⊗ g⊗ℓ+s)∆∂,r
k,ℓ = ∆∂,r

k,ℓ (id⊗ g
⊗n).
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A similar proof shows

[∂̄,νn]−
∑

k+ℓ=n+1
1≤r≤k

(−1)r(1+ℓ)+n νk
(
id⊗r ⊗ νℓ ⊗ id⊗k−r

)
∆∂̄,r
k,ℓ = 0.

Remark 2.10.10. Let (A,µA
∗ ) and (B,µB

∗ ) be two pluripotential A∞-algebras. Similarly to Re-
mark 2.10.8, a pp∞-morphism f : A⇝ B is equivalently defined as a family of bidegree-preserving
maps

fn : n−1 ⊗A⊗n → B, n ≥ 1,

which satisfy the following relations:

[∂,fn] =−
∑

i1+···+ik=n
(−1)θ(i1,...,ik) µB

k

(
id⊗ fi1 ⊗ · · · ⊗ fik

)
∆∂
k,i1+1,...,ik+1

−
∑

k+ℓ=n+1
1≤r≤k

(−1)r(1+ℓ)+n fk
(
id⊗r ⊗ µA

ℓ ⊗ id⊗k−r
)
∆∂,r
k+1,ℓ.

[∂̄,fn] =−
∑

i1+···+ik=n
(−1)θ(i1,...,ik) µB

k

(
id⊗ fi1 ⊗ · · · ⊗ fik

)
∆∂̄
k,i1+1,...,ik+1

−
∑

k+ℓ=n+1
1≤r≤k

(−1)r(1+ℓ)+n fk
(
id⊗r ⊗ µA

ℓ ⊗ id⊗k−r
)
∆∂̄,r
k+1,ℓ.

Here,

∆∂
k,i1+1,...,ik+1 := (τi1,...,ik)(ι2-k,1-i1,...,1-ik)s1-n : 1-n⊗A⊗n → 2-k⊗ 1-i1⊗A⊗i1⊗· · ·⊗ 1-ik⊗A

⊗ik

and

∆∂̄
k,i1+1,...,ik+1 := (τi1,...,ik)(ι2-k,1-i1,...,1-ik)s1-n : 1-n⊗A⊗n → 2-k⊗ 1-i1⊗A⊗i1⊗· · ·⊗ 1-ik⊗A

⊗ik ,

where τi1,...,ik is the isomorphism that permutes the tensor factors. The sign θ is given by

θ(i1, . . . , ik) :=
∑

1≤r<s≤k
ir(is + 1).

Lemma 2.10.11. The p-kernels define a pp∞-morphism g : B ⇝ A via the formula

gn := h(id⊗mn)(ι-1,2-n ⊗ g⊗n),

for n ≥ 2 and g1 = g.

Proof. Let us compute

∂gn − gn∂ = ∂h(id⊗mn)(ι-1,2-n ⊗ g⊗n)− h(id⊗mn)(ι-1,2-n ⊗ g⊗n)∂.
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By Lemma 2.10.7

∂gn − gn∂ =
= ∂h(id⊗mn)(ι-1,2-n ⊗ g⊗n)− h∂(id⊗mn)(ι-1,2-n ⊗ g⊗n)

+
∑

k+ℓ=n+1
1≤r≤k
k,ℓ≥2

(−1)θh(id⊗mk(id⊗r, gfmℓ, id⊗k−r))(id⊗∆∂,r
k,ℓ ⊗ id⊗n)(ι-1,2-n ⊗ g⊗n),

with θ = r(1 + ℓ) + n. Now we use the relation [∂,h] = (gf − id)(s1 ⊗ id) in Remark 2.10.6 and
that

(id⊗∆∂,r
k,ℓ )ι-1,2-n = −(ι-1,2-k ⊗ id)∆∂,r

k+1,ℓ

to obtain

gf(s1 ⊗mn)(ι-1,2-n ⊗ g⊗n)− (s1 ⊗mn)(ι-1,2-n ⊗ g⊗n)

−
∑

k+ℓ=n+1
1≤r≤k
k,ℓ≥2

(−1)r(1+ℓ)+nh(id⊗mk)(ι-1,2-k ⊗ id⊗k)(id⊗r ⊗ gfmℓ ⊗ id⊗k−r))∆∂,r
k+1,ℓ(id⊗ g

⊗n)

which gives

gf(mn)(id⊗ g⊗n)∆∂,1
2,n −

∑
k+ℓ=n

(−1)k(ℓ+1) µ
(
h(id⊗mk)⊗ h(id⊗mℓ)∆h

k,ℓ

)
∆∂,1

2,n ⊗ (id⊗ g⊗n)

−
∑

k+ℓ=n+1
1≤r≤k
k,ℓ≥2

(−1)r(1+ℓ)+ngk(id⊗r ⊗ νℓ ⊗ id⊗k−r)∆∂
k+1,ℓ =

= −
∑

k+ℓ=n
(−1)k(ℓ+1) µ

(
gk ⊗ gℓ

)
∆∂

2,k+1,ℓ+1

−
∑

k+ℓ=n+1
1≤r≤k

(−1)r(1+ℓ)+ngk(id⊗r ⊗ νℓ ⊗ id⊗k−r)∆∂
k+1,ℓ,r.

A similar computation shows

∂̄gn − gn∂̄ =−
∑

k+ℓ=n
(−1)k(ℓ+1) µ

(
gk ⊗ gℓ

)
∆∂̄

2,k+1,ℓ+1

−
∑

k+ℓ=n+1
1≤r≤k

(−1)r(1+ℓ)+ngk(id⊗r ⊗ νℓ ⊗ id⊗k−r)∆∂̄
k+1,ℓ,r.

Lemma 2.10.9 and Lemma 2.10.11 imply the following, which is equivalent to Lemma 2.10.4
by Remarks 2.10.8 and 2.10.10.

Lemma 2.10.12. Let (A, ∂, ∂̄, µ) be a bidifferential bigraded algebra and let

(A, ∂, ∂̄, µ) (B, ∂, ∂̄)
f

g
h
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be a contraction. The p-kernels
mn : 2−n ⊗A⊗n → A

given by
mn :=

∑
k+ℓ=n

(−1)k(ℓ+1)µ
(
h(id⊗mk)⊗ h(id⊗mℓ)

)
∆h
k,ℓ

for n ≥ 2 induce

1. a App∞-structure on B via νn = f ◦mn ◦ (id⊗ g⊗n), and

2. a pp∞-weak equivalence g : B ⇝ A via gn := h(id⊗mn)(ι-1,2-n⊗ g⊗n) for n ≥ 2 and g1 = g.

We now state the main result of this section, which shows that for every bba A, one can
construct a pp∞-weak equivalence g : H ⇝ A where H is a minimal bicomplex.

Theorem 2.10.13 (Homotopy Transfer Theorem). Let (A, ∂, ∂̄, µ) be a bidifferential bigraded
algebra.

1. There is a contraction into a minimal bicomplex

(A, ∂, ∂̄) (H, ∂, ∂̄)
f

g
h ; with ∂∂̄ = 0 on H.

2. There is a App∞-structure on (H, ∂, ∂̄) and a pp∞-weak equivalence g : H ⇝ A.

Proof. This is now a direct consequence of Proposition 1.2.4 together with Lemma 2.10.4.

Remark 2.10.14. Since a bba is, in particular, a bicomplex, we can consider its Bott-Chern and
Aeppli cohomologies (see Section 1.1). The product induces an associative algebra structure on
the Bott-Chern cohomology and equips the Aeppli cohomology with the structure of a module
over the Bott-Chern cohomology.

The bicomplex H of the above theorem is isomorphic to the ABC-cohomology HABC(A) =
HBC(A) ⊕ H̃A(A), see again Section 1.1. Consequently, the induced product does not make
the ABC-cohomology into a bba. However, Theorem 2.10.13 provides a way to endow this
cohomology with an algebra structure that is not strictly associative, but associative up to
homotopy.

If the bba A satisfies the ∂∂̄-property (Definition 1.1.2), then the bicomplex H has trivial
differentials. Hence, by Remark 2.9.6, we have µp,qn = 0 whenever p+q = 2−n. Moreover, all the
cohomologies considered in Chapter 1 are isomorphic, the bicomplex H is isomorphic to HBC(A),
and the product µ2 of Theorem 2.10.13 gives precisely the induced product on cohomology.

2.11 Pluripotential C∞-algebras
In this section we define the analogues of commutative algebras in the setting of App∞-algebras, i.e.
Cpp∞ -algebras, and we show that if we start with a commutative bidifferential bigraded algebra,
then the formulas for the transferred App∞-structure of Lemma 2.10.4 give a Cpp∞ -structure.

To define Cpp∞ -structures, we first recall the definition of shuffle permutations: A (i, j)-shuffle
is an element σ of the symmetric group Si+j such that

σ(1) < σ(2) < · · · < σ(i) and σ(i+ 1) < σ(i+ 2) < · · · < σ(i+ j)
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hold.
Denote by Shi,j the set of (i, j)-shuffles. Define the element τi,j ∈ k[Si+j ] by

τi,j =
∑

σ∈Shi,j

sign(σ)σ.

Definition 2.11.1. A pluripotential C∞-algebra, Cpp∞ -algebra for short, is a App∞-algebra such
that

µp,qi+j ◦ τi,j = 0

for every i, j ≥ 1 and every p, q ∈ Z≤0.

Here, τi,j acts on A⊗i+j by permuting the tensor factors. A Cpp∞ -algebra is then a App∞-algebra
satisfying commutativity relations. Likewise, a pp∞-morphism of Cpp∞ -algebras is required to satisfy
the same commutativity relations.

Definition 2.11.2. Let (A, {µ∗,∗
• }) and (B, {ν∗,∗

• }) be two Cpp∞ -algebras. A pp∞-morphism of
Cpp∞ -algebras f : A⇝ B is a pp∞-morphism of App∞-algebras such that

fp,qi+j ◦ τi,j = 0

for every i, j ≥ 1 and every p, q ∈ Z≤0.

We next show that when the initial algebra is commutative, then the transferred structure
of Lemma 2.10.4 is, in fact, a Cpp∞ -structure.

Lemma 2.11.3. Let (A, ∂, ∂̄, µ) be a commutative bidifferential bigraded algebra. Given a con-
traction

(A, ∂, ∂̄) (B, ∂, ∂̄),
f

g
h

the formulas defined in Lemma 2.10.4

νp,qn := fmp,q
n g⊗n and gp,qn :=

∑
i−α=p
j−β=q

(−1)(α+β)(i+j+n)hαβm
i,j
n g

⊗n,

for all n ≥ 2, define a Cpp∞ -structure on B and a pp∞-weak equivalence of Cpp∞ -algebras g : B ⇝ A.

Proof. The proof is that of Theorem 12 of [CG08] for C∞-algebras in the dg setting. We
reproduce it here for the sake of completeness. By Lemma 2.10.4, {ν∗,∗

• } defines a App∞-algebra
structure on B and g = (g, {g∗,∗

• }) defines a pp∞-morphism. It just remains to prove the symmetric
conditions

νp,qi+j ◦ τi,j = 0, and gp,qi+j ◦ τi,j = 0.

First of all, recall that, by Remark 2.10.5, we can rewrite νp,qn and gp,qn as

νp,qn =
∑

k+ℓ=n

∑
p1+p2=p
q1+q2=q

(−1)k(ℓ+1)+d1(d2+ℓ+1)fµ(gp1,q1
k ⊗ gp2,q2

ℓ ),
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and

gp,qn =
∑

k+ℓ=n

∑
p1+p2−α=p
q1+q2−β=q

(−1)k(ℓ+1)+d1(d2+ℓ+1)+(α+β)(d1+d2+k+ℓ)hαβµ(gp1,q1
k ⊗ gp2,q2

ℓ ),

where dx = px + qx for x = 1, 2.
Let ∇2 : T (B)→ T 2(TB) be the map given by

a1 ⊗ · · · ⊗ an 7→
∑

k+ℓ=n
(a1 ⊗ · · · ⊗ ak)⊗ (ak+1 ⊗ · · · ⊗ ak+ℓ).

Define the shuffle product
� : T (B)⊗ T (B)→ T (B)

by
(a1, . . . , ai)⊗ (ai+1, . . . , ai+j) 7→ τi,j(a1, . . . , ai, ai+1, . . . , ai+j).

By Lemma 13 in [CG08], we have

∇2(TB � TB) ⊂ τ1,1(T 2(TB)) ⊕ TB ⊗ (TB � TB) ⊕ (TB � TB) ⊗ TB.

We will show by induction on n ≥ 2 that νp,qn and gp,qn vanish on TB � TB, which implies
νp,qi+jτi,j = 0 and gp,qi+jτi,j = 0 for any i, j ≥ 1 and any p, q ∈ Z≤0.

On the one hand, by induction hypothesis, the map∑
k+ℓ=n

∑
p1+p2=i
q1+q2=j

gp1,q1
k ⊗ gp2,q2

ℓ

annihilates
TB ⊗ (TB � TB) ⊕ (TB � TB) ⊗ TB.

On the other hand, ∑
k+ℓ=n

∑
p1+p2=i
q1+q2=j

gp1,q1
k ⊗ gp2,q2

ℓ

takes the subspace τ1,1T
2(TB) to τ1,1(T 2(A)), but this is annihilated by µ, and we conclude

that νp,qn (TB � TB) and gp,qn (TB � TB) vanish.

As a consequence, we obtain the following commutative version of Theorem 2.10.13.

Theorem 2.11.4. Let (A, ∂, ∂̄, µ) be a commutative bidifferential bigraded algebra. There exists
a minimal bicomplex H endowed with a Cpp∞ -structure and a pp∞-weak equivalence of Cpp∞ -algebras
g : H ⇝ A.

2.12 Unital case
In geometric contexts, the algebras that arise are typically unital. For instance, the de Rham
algebra of a smooth manifold. In this section, we treat the homotopy transfer theorem in the
unital case.

94



2.12. Unital case

Definition 2.12.1. A unital App∞-algebra is a App∞-algebra (A, ∂, ∂̄, {µ∗,∗
• }) together with a strict

morphism of algebras u : k→ A such that

µ2(u⊗ id) = µ2(id⊗ u) = id,

and
µp,qn (id⊗(i−1) ⊗ u⊗ id⊗(n−i)) = 0

for all n ≥ 3, 1− n ≤ p+ q ≤ 2− n, and 1 ≤ i ≤ n.

In other words, a unital App∞-algebra is a App∞-algebra endowed with an element 1A (the image
of 1k under u) of degree (0, 0) such that:

∂(1A) = ∂̄(1A) = 0, µ2(1A, a) = µ2(a, 1A) = a for all a ∈ A,

and for all n ≥ 3 and all a1, . . . , an ∈ A, we have:

µn(a1, . . . , an) = 0 if any ai = 1A.

If A and B are unital App∞-algebras, a pp∞-morphism f : A⇝ B is said to be unital if

f1(uA) = uB,

and
fp,qn (id⊗(i−1) ⊗ uA ⊗ id⊗(n−i)) = 0

for all n ≥ 2, −n ≤ p+ q ≤ 1− n, and 1 ≤ i ≤ n.
That is, f1(1A) = 1B, and for all n > 1, all −n ≤ p + q ≤ 1 − n, and all a1, . . . , an ∈ A, we

have:
fp,qn (a1, . . . , an) = 0 if any ai = 1A.

Example 2.12.2. A unital associative algebra is a unital App∞-algebra such that µp,qn = 0 for all
n ≥ 3.

Lemma 2.12.3. Let (A, ∂, ∂̄, µ) be a unital bidifferential bigraded algebra together with a con-
traction from A to a bicomplex B

(A, ∂, ∂̄) (B, ∂, ∂̄)
f

g
h

such that the following conditions are satisfied:

f ◦ h = 0, h ◦ g = 0, h ◦ h = 0, h∂h = 0, h∂̄h = 0 and h(1A) = 0. (2.5)

Then, the maps defined in Lemma 2.10.4 for all n ≥ 2

νp,qn := fmp,q
n g⊗n and gp,qn :=

∑
i−α=p
j−β=q

(−1)(α+β)(i+j+n)hαβm
i,j
n g

⊗n

define
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1. a unital App∞-algebra
(
B, ∂, ∂̄, {ν∗,∗

• }
)

with unit 1B = f(1A),

2. and a unital pp∞-weak equivalence g = (g, {g∗,∗
• }) : B ⇝ A.

Proof. Recall that we denote h10 := [∂̄, h] and h01 := −[∂, h]. From Remark 1.2.3, the side
conditions 2.5 imply

f ◦ h10 = 0, h10 ◦ g = 0, h10 ◦ h10 = 0 and h10(1A) = 0,

f ◦ h01 = 0, h01 ◦ g = 0, h01 ◦ h01 = 0 and h01(1A) = 0,

h ◦ h10 = h10 ◦ h = 0, h ◦ h01 = h01 ◦ h = 0, and h10h01 = −h01h10 = h.

First, we observe that ∂1B = ∂f1A = f∂1A = 0 and, in the same way, ∂̄1B = 0. Let us show
now that g1(1B) = 1A. Indeed,

g1(1B) = gf(1A) = 1A + ∂∂̄h(1A)− ∂h∂̄(1A) + ∂̄h∂(1A)− h∂̄∂(1A) = 1A.

Recall that, by Remark 2.10.5, we can rewrite νp,qn and gp,qn as

νp,qn =
∑

k+ℓ=n

∑
p1+p2=p
q1+q2=q

(−1)k(ℓ+1)+d1(d2+ℓ+1)fµ(gp1,q1
k ⊗ gp2,q2

ℓ ),

and

gp,qn =
∑

k+ℓ=n

∑
p1+p2−α=p
q1+q2−β=q

(−1)k(ℓ+1)+d1(d2+ℓ+1)+(α+β)(d1+d2+k+ℓ)hαβµ(gp1,q1
k ⊗ gp2,q2

ℓ ),

where dx = px + qx for x = 1, 2. We will proceed by induction to prove

gp,qn (b1, . . . , bn) = 0

for all n ≥ 2 if bj = 1B for some j = 1, . . . , n. For n = 2 we have

gp,q2 (b, 1B) = h−p−qµ(g(b), 1A) = h−p−qg(b) = 0.

For n > 2, gp,qn (b1, . . . , bn) is zero by induction hypothesis except if k = 1 and j = 1 or ℓ = 1
and j = n. In the former case,

gp,qn (1B, . . . , bn) =
∑

p2−α=p
q2−β=q

(−1)εhαβµ(1A, gp2,q2
n−1 (b2, . . . , bn)) =

=
∑

p2−α=p
q2−β=q

(−1)εhαβgp2,q2
n−1 (b2, . . . , bn) =

=
∑

k+ℓ=n−1

∑
p′

1+p′
2−α′−α=p

q′
1+q′

2−β′−β=q

(−1)εhαβhα′β′µ(gp
′
1,q

′
1

k ⊗ gp
′
2,q

′
2

ℓ )(b2, . . . , bn).

By the side conditions 2.5, the summands in the last expression are zero except for the cases
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(α, β) = (1, 0) and (α′, β′) = (0, 1) or (α, β) = (0, 1) and (α′, β′) = (1, 0). So we have

gp,qn (1B, . . . , bn) =
∑

k+ℓ=n−1

∑
p′

1+p′
2−1=p

q′
1+q′

2−1=q

(−1)εh10h01µ(gp
′
1,q

′
1

k ⊗ gp
′
2,q

′
2

ℓ )(b2, . . . , bn)+

+
∑

k+ℓ=n−1

∑
p′

1+p′
2−1=p

q′
1+q′

2−1=q

(−1)εh01h10µ(gp
′
1,q

′
1

k ⊗ gp
′
2,q

′
2

ℓ )(b2, . . . , bn) = 0,

since h10h01 = −h01h10. Similarly, one can prove the case ℓ = 1 and j = n:

gp,qn (b1, . . . , 1B) =
∑

p1−α=p
q1−β=q

(−1)εhαβµ(gp1,q1
n−1 (b2, . . . , bn), 1A) = 0.

Let us compute
ν2(b, 1B) = fµ(g(b), 1A) = fg(b) = b

and
ν2(1B, b) = fµ(1A, g(b)) = fg(b) = b.

Finally, we show that
νp,qn (b1, . . . , bn) = 0

for all n ≥ 3 if bj = 1B for some j = 1, . . . , n. Arguing similarly as for the maps gp,qn we see that

νp,qn (b1, . . . , bn)

in non-zero only if k = 1 and j = 1 or ℓ = 1 and j = n, but both νp,qn (1B, . . . , bn) and
νp,qn (b1, . . . , 1B) lie in the image of f ◦ hαβ, and hence vanish by the side conditions.

Of course, analogous definitions and results also hold in the commutative setting, which we
now present.

Definition 2.12.4. A unital Cpp∞ -algebra is a unital App∞-algebra satisfying∑
σ∈Shi,j

sign(σ)µp,qi+j ◦ σ = 0

for every i, j ≥ 1 and every (p, q). Here, Shi,j denotes the set of (i, j)-shuffles.
A unital pp∞-morphism of Cpp∞ -algebras f : A ⇝ B is a unital pp∞-morphism of App∞-algebras

satisfying the corresponding symmetric relations.

As a consequence of Lemma 2.12.3 and Lemma 2.11.3 we obtain

Lemma 2.12.5. Let (A, ∂, ∂̄, µ) be a unital commutative bidifferential bigraded algebra together
with a contraction from A to a bicomplex B

(A, ∂, ∂̄) (B, ∂, ∂̄)
f

g
h
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such that the following conditions are satisfied:

f ◦ h = 0, h ◦ g = 0, h ◦ h = 0, h∂h = 0, h∂̄h = 0 and h(1A) = 0. (2.6)

Then, the maps defined in Lemma 2.10.4 for all n ≥ 2

νp,qn := fmp,q
n g⊗n and gp,qn :=

∑
i−α=p
j−β=q

(−1)(α+β)(i+j+n)hαβm
i,j
n g

⊗n

define

1. a unital Cpp∞ -algebra
(
B, ∂, ∂̄, {ν∗,∗

• }
)

with unit 1B = f(1A),

2. and a unital pp∞-weak equivalence of Cpp∞ -algebras g = (g, {g∗,∗
• }) : B ⇝ A.

2.13 Cyclic App
∞-algebras

The de Rham algebra of a closed smooth manifold carries a natural bilinear form by integrating
forms of complementary degree. This pairing actually gives the Poincaré duality isomorphism.
In this section, we study the interaction between App∞-algebras and this additional structure.
More precisely, we introduce the notion of cyclic App∞-algebras and prove a homotopy transfer
theorem for cyclic bidifferential bigraded algebras. This allows us to incorporate Poincaré duality
to the real homotopy type of the manifold. Cyclic A∞-algebras were introduced by Kontsevich
in [Kon93], [Kon94], and further developed in [KS09]. The existence of minimal models for
general cyclic algebras can be found in [CL09] and [CL10], however, we will adapt more ad hoc
proofs for A∞-algebras in [Kaj07] and [Laz06].

We will be considering bicomplexes (B, ∂, ∂̄) endowed with a symmetric bilinear form

⟨ , ⟩ : B ×B −→ k

such that:
• it is compatible with the differentials

⟨∂x, y⟩+ (−1)|x|⟨x, ∂y⟩ = 0 and ⟨∂̄x, y⟩+ (−1)|x|⟨x, ∂̄y⟩ = 0,

• it is homogeneous of bidegree (d1, d2),

⟨x, y⟩ = 0 if |x|+ |y| ̸= (d1, d2),

• and symmetric,
⟨x, y⟩ = (−1)|x||y|⟨y, x⟩.

Definition 2.13.1. A cyclic contraction of a bicomplex with bilinear form (A, ∂, ∂̄, ⟨ , ⟩) consists
in a contraction into a bicomplex B, that is, a diagram

(A, ∂, ∂̄, ⟨ , ⟩) (B, ∂, ∂̄),
f

g
h
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where f and g are morphisms of bicomplexes satisfying fg = idB, and h is a pluripotential
homotopy from the identity to gf , i.e.,

idA − gf = [∂, [∂̄, h]].

Moreover, the contraction is required to be compatible with the bilinear form in the sense that

⟨hx, y⟩ = ⟨x, hy⟩ and ⟨gfx, y⟩ = ⟨x, gfy⟩. (2.7)

Remark 2.13.2. Note that if (f, g, h) is a cyclic contraction, the chain homotopies given by

h10 := [∂̄, h] and h01 := −[∂, h]

satisfy
⟨h10x, y⟩ = (−1)|x|⟨x, h10y⟩ and ⟨h01x, y⟩ = (−1)|x|⟨x, h01y⟩.

Definition 2.13.3. A cyclic App∞-algebra is a App∞-algebra (A, ∂, ∂̄, {µ∗,∗
• }) together with a ho-

mogeneous symmetric bilinear form such that

⟨∂a, b⟩+ (−1)|a|⟨a, ∂b⟩ = ⟨∂̄a, b⟩+ (−1)|a|⟨a, ∂̄b⟩ = 0

for all a, b ∈ A and

⟨µp,qn (a1, . . . , an), a0⟩ = (−1)|a0|(
∑n

i=1 |ai|)+n⟨µp,qn (a0, . . . , an−1), an⟩

for all n ≥ 2, 1− n ≤ p+ q ≤ 2− n and a0, . . . , an ∈ A.

Example 2.13.4. A cyclic bidifferential bigraded algebra is a cyclic App∞-algebra such that µp,qn =
0 for all n ≥ 3. Explicitly,

⟨µ(a1, a2), a0⟩ = ⟨a1, µ(a1, a0)⟩

for all a0, a1, a2 ∈ A. The de Rham algebra of a closed complex manifold is a cyclic bba with
pairing given by integration of forms

⟨α, β⟩ =
∫
M
α ∧ β,

for α a complex (p, q)-form and β a complex (n− p, n− q)-form and zero otherwise.

Definition 2.13.5. Let (A, ⟨ , ⟩A) and (B, ⟨ , ⟩B) be two cyclic App∞-algebras. A cyclic pp∞-
morphism f : A⇝ B is a pp∞-morphism such that

⟨a1, a2⟩A = ⟨f1(a1), f1(a2)⟩B

for any a1, a2 ∈ A, and for any n ≥ 3 and 1− n ≤ i, j ≤ 2− n∑
k+ℓ=n

∑
p+p′=i
q+q′=j

⟨fp,qk (a1, . . . , ak), fp
′,q′

ℓ (ak+1, . . . , an)⟩B = 0,

for all a1, . . . , an ∈ A.
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Chapter 2. Operadic algebras

We now state the homotopy transfer theorem for cyclic bba’s.

Theorem 2.13.6. Let (A, ∂, ∂̄, ⟨ , ⟩) be a cyclic bidifferential bigraded algebra together with a
cyclic contraction

(A, ∂, ∂̄, ⟨ , ⟩) (B, ∂, ∂̄).
f

g
h

Consider the maps defined in Lemma 2.10.4 for all n ≥ 2

νp,qn := fmp,q
n g⊗n and gp,qn :=

∑
i−α=p
j−β=q

(−1)(α+β)(i+j+n)hαβm
i,j
n g

⊗n.

Then,

1. With the induced pairing ⟨ , ⟩B := ⟨g, g⟩, the tuple
(
B, ∂, ∂̄, {ν∗,∗

• }
)

is a cyclic App∞-algebra.

2. If the contraction satisfies the conditions h ◦ g, h ◦ h = 0, h∂h = 0, and h∂̄h = 0, the
pp∞-morphism g = (g, {g∗,∗

• }) : B ⇝ A is a cyclic pp∞-weak equivalence.

Proof. We first prove 2. By Lemma 2.10.4, g = (g, {g∗,∗
• }) : B ⇝ A is a pp∞-weak equivalence, we

have to prove cyclicity. On the one hand, the relation

⟨a1, a2⟩B = ⟨g(a1), g(a2)⟩

is true by definition. On the other, since the contraction is cyclic (Equations 2.7) and satisfies
the side conditions, for n ≥ 3 and 1− n ≤ i+ j ≤ 2− n and for all a1, . . . , an ∈ A we have∑

k+ℓ=n

∑
p+p′=i
q+q′=j

⟨gp,qk (a1, . . . , ak), gp
′,q′

ℓ (ak+1, . . . , an)⟩ =

=
∑

k+ℓ=n

∑
±⟨hαβmp,q

k (a1, . . . , ak), hα′β′mp′,q′

ℓ (ak+1, . . . , an)⟩ = 0.

We also have ⟨g, gi,jn−1⟩ = ⟨gi,jn−1, g⟩ = 0.
To prove 1, note that, again by Lemma 2.10.4, (B, {ν∗,∗

• }) is a App∞-algebra. It remains to
prove the cyclicity, for which we adapt the proof given in [Laz06]. To simplify signs, we will
work on suspended algebras. Let s : B → B[−1, 0] be the suspension isomorphism of bidegree
(−1, 0). Since (B, {ν∗,∗

• }) is a App∞-algebra, sB is endowed with n-ary operations

ν̂p,qn : sνr,qn (s−1)⊗n : (sB)⊗n −→ sB

of total degree 0 ≤ p+ q ≤ 1 and p = r + n− 1 satisfying

∂ν̂p,qn − (−1)p+qν̂p,qn ∂ = qν̂p+1,q
n +

∑
k+ℓ=n+1

1≤i≤k

∑
p1+p2=p+1
q1+q2=q

(−1)p1+q1+1ν̂p1,q1
k (idi−1 ⊗ ν̂p2,q2

ℓ ⊗ idk−i)
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and

∂̄ν̂p,qn − (−1)p+qν̂p,qn ∂̄ = −pν̂p,q+1
n +

∑
k+ℓ=n+1

1≤i≤k

∑
p1+p2=p
q1+q2=q+1

(−1)p1+q1+1ν̂p1,q1
k (idi−1 ⊗ ν̂p2,q2

ℓ ⊗ idk−i).

The induced bilinear form ⟨, ⟩B defines an antisymmetric bilinear form

⟨ , ⟩ : sB ⊗ sB −→ sB given by ⟨s−1, s−1⟩B.

Then (B, ⟨ , ⟩B, {ν∗,∗
• }) is a cyclic App∞-algebra if and only if

⟨ν̂p,qn (sb1, . . . , sbn), sb0⟩ = (−1)(|b0|+1)(|b1+1+···+|bn|+1)⟨ν̂p,qn (sb0, . . . , sbn−1), sbn⟩.

Since (f, g, h) is a cyclic contraction from A to B, we have that (f̂ = sfs−1, ĝ = sgs−1, ĥ =
shs−1) is a contraction from sA to sB such that

⟨ĥ(M), y⟩ = ⟨x, ĥ(y)⟩ and ⟨ĝf̂(M), y⟩ = ⟨ĝf̂(M), y⟩. (2.8)

The formulas for the suspended maps m̂p,q
n := smr,q

n (s−1)⊗n become

m̂p,q
n =

∑
k+ℓ=n

∑
p1+p2−α1−α2=p
q1+q2−β1−β2=q

(−1)α1+β1+1+α2+β2+1µ̂(ĥα1β1m̂
p1,q1
k ⊗ ĥα2β2m̂

p2,q2
ℓ ),

and ν̂p,qn = f̂m̂p,q
n ĝ⊗n.

We now define maps
P p,qn+1 : (sB)⊗n+1 −→ k

given by
P p,qn+1(x1, . . . , xn, x0) := ⟨ĝν̂p,qn (x1, . . . , xn), ĝx0⟩.

Let τn+1 : (sB)⊗n+1 −→ (sB)n+1 be the map given by

τn+1(x1 ⊗ · · · ⊗ xn ⊗ x0) := (−1)|x0|(|x1|+···+|xn|)x0 ⊗ x1 ⊗ · · · ⊗ xn.

The cyclicity conditions then are equivalent to

P p,qn+1 ◦ τn+1 = P p,qn+1.

Therefore, to conclude the proof, it only remains to verify this identity. Note that conditions
(2.8) imply

⟨ĝν̂p,qn (x1, . . . , xn), ĝx0⟩ = ⟨m̂p,q
n (ĝx1, . . . , ĝxn), ĝx0⟩.

One can give a graphical description of these maps in terms of trees. Recall from Remark 2.10.2
that the maps mp,q

n are obtained by summing over all planar binary trees whose internal edges
are decorated with the three homotopies h11 := h, h01 := −[∂, h], and h10 := [∂̄, h]. The
decorations must satisfy #h10 + #h11 = p and #h01 + #h11 = q, where #h∗∗ denotes the
number of occurrences of the homotopy h∗∗ in the tree. Let PBT p,qn denote the collection of
planar binary trees with n leaves such that:
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Chapter 2. Operadic algebras

• If p+ q = n− 2, the trees have exactly p internal edges labeled by h10 and q internal edges
labeled by h01.

• If p+ q = n− 1, the trees contain p− 1 edges labeled by h10, q − 1 edges labeled by h01,
and a single edge labeled by h11.

Then,
P p,qn+1 =

∑
t∈PBT p,q

n

(−1)p+q+1⟨m̂t ◦ ĝ⊗n, ĝ⟩,

where m̂t is the operation representing the tree t using the homotopies ĥ∗∗. We can represent
a summand ⟨m̂t ◦ ĝ⊗n, ĝ⟩ as follows: we decorate every leaf of the tree t with ĝ. Every internal
edge is decorated as m̂t. Now split the root by adding a new vertex (empty circle) in the middle.
This creates two edges e′, e′′, where e′′ is the new external edge. To e′ we associate id and to e′′

we associate the map ĝ, see Figure 2.1.

Figure 2.1: A tree representing a map ⟨m̂p,q
t ◦ ĝ⊗n, ĝ⟩.

With this picture in mind, since the product on A is cyclic and the contraction verifies the
Equations 2.7, the map

⟨m̂t ◦ ĝ⊗n, ĝ⟩

amounts to the map
⟨m̂t′ ◦ ĝ⊗n, ĝ⟩ ◦ τn+1

where t′ is obtained from t by choosing the nth leaf to be the root, see Figure 2.2.

Figure 2.2: The process of "rerooting" a tree.

The process of "re-rooting" a planar binary tree in this way defines a map PBT p,qn −→ PBT p,qn
which is a bijection. This proves P p,qn+1 ◦ τn+1 = P p,qn+1.
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Chapter 3

Higher structures in complex
geometry

In this chapter, we explore several applications of Chapter 2 to complex manifolds. We study
the connection between pluripotential A∞-structures and certain Massey-like products defined
for complex manifolds, known as ABC-Massey products [AT15], which are related to Bott-Chern
and Aeppli cohomologies. Next, we show how the Pluripotential Homotopy Transfer Theorem
can be employed to detect strong and weak formality [MS24], notions of formality associated
with pluripotential weak equivalences. We test this approach on several examples.

Subsequently, we consider additional structure on the de Rham algebra of a compact oriented
manifold, namely, the pairing given by integration of forms. This allows us to encode Poincaré
duality on the real homotopy type of the manifold. We study the interaction of this pairing with
pluripotential A∞-structures in the Kähler setting. In particular, we give a concise proof of the
strong formality of Kähler manifolds whose Hodge diamond corresponds to that of a complete
intersection (cf. [Ste25a]).

3.1 Hodge decomposition
In this section, we review the definition of the Hodge star operator and state the Hodge De-
composition Theorem, which will be used in the subsequent sections. Most of the results of this
section are classical and can be found, for instance, in [War83] or [WJ80].

Let M be a closed oriented Riemannian manifold of dimension n. The Hodge star operator

∗ : A∗
dR(M) −→ An−∗

dR (M)

is defined so that it satisfies the following properties:

1. The Hodge star of the constant function 1 coincides with the Riemannian volume form:
∗1 = ω.

2. The operator ∗ is linear.

3. For any smooth function f and differential form α, one has ∗(fα) = f(∗α).

4. If α is a p-form on an n-dimensional manifold, then ∗ ∗ α = (−1)p(n−p)α, so ⋆ is an
isomorphism.
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Chapter 3. Higher structures in complex geometry

5. For every p-form α, we have α ∧ ∗α = 0 if and only if α = 0.

6. If α and β are p-forms, then α ∧ ∗β = β ∧ ∗α.

To describe the local expression of the Hodge star, consider p-forms

α = aI dx
I , β = bJ dx

J ,

where I = (i1, . . . , ip) and J = (j1, . . . , jp), and dxI = dxi1 ∧ · · · ∧ dxip .
Then the Hodge star operator satisfies

α ∧ ∗β =


0 if I ̸= J,

±aIbI ω if I = J,

where the sign is determined by the ordering of I and its complement.
In particular, for a p-form

α =
∑

aI dx
I ,

then
α ∧ ∗α =

(∑
a2
I

)
ω.

The Hodge operator allows us to define an inner product on p-forms

( , ) : ApdR(M)×ApdR(M) −→ R,

for any p, by taking
(α, β) :=

∫
M
α ∧ ∗β.

Define a differential

d∗ : ApdR → A
p−1
dR by d∗ = (−1)np+n+1 ∗ d∗,

in degree p. By the properties of the Hodge star operator, we have (d∗)2 = 0.

Proposition 3.1.1. Let M be a closed oriented Riemannian manifold of dimension n. Let α
and β be two forms. Then

(dα, β) = (α, d∗β).

In particular, d and d∗ are adjoint. This implies that closed forms under d are orthogonal to
Im(d∗) and closed forms under d∗ are orthogonal to Im(d).

The Laplacian is the degree-preserving linear map

∆: AdR(M) −→ AdR(M)

defined by
∆ := dd∗ + d∗d.

It is self adjoint, i.e. (∆α, β) = (α,∆β).

Remark 3.1.2. A direct computation shows that for a form α ∈ AdR, we have ∆α = 0 if and
only if dα = 0 and d∗α = 0.
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Forms that are in the kernel of the Laplacian are called harmonic forms. We will denote the
space of harmonic forms in degree k by

Hk := Ker(∆) ∩ AkdR(M).

The following is a consequence of the fact that the Laplacian operator is elliptic, and uses
deep results in functional analysis (see, for instance, [War83]).

Theorem 3.1.3 (Hodge Decomposition Theorem). Let M be a closed oriented Riemannian
manifold. For each k ≥ 0, there is an orthogonal direct sum decomposition

AkdR(M) = Hk ⊕ Im(∆) = Hk ⊕ Im(d)⊕ Im(d∗).

Define the Green operator
G : AdR(M) −→ AdR(M)

as G(H) = 0 and G = ∆−1 in Im∆. The Green operator G commutes with d, d∗, and ∆. In
fact, G commutes with any linear operator that commutes with the Laplacian ∆.

Since closed forms under d are orthogonal to Im(d∗), we have that H and Im(d) give all
closed forms under d in AdR.

Theorem 3.1.4. If M is a closed oriented Riemannian manifold, then

Hk ∼= Hk
dR(M).

It is important to emphasize that the above theorem yields only isomorphisms of vector
spaces, not of rings. In general, the space of harmonic forms is not closed under the wedge
product.

From the Hodge decomposition, we obtain a canonical contraction of AdR(M) into the space
of harmonic forms as follows [CW24]:

Proposition 3.1.5. Let M be a closed oriented Riemannian manifold. There is a contraction

AdR(M) H
h f

g

where f and g are given by the projection AdR(M) ↠ H and inclusion H ↪→ AdR(M), respec-
tively, and h := d∗G is a chain homotopy from gf to the identity: gf − id = [d, h].

This chain contraction allows us, via the classical Homotopy Transfer Theorem, to endow
the space of harmonic forms with an A∞-algebra structure. As mentioned above, the space of
harmonic forms is not closed under the wedge product. However, this procedure equips it with
an associative product (note that the differential is trivial on H).

3.2 Complex manifolds
In this section, we review some basic definitions concerning complex manifolds, with particular
emphasis on their de Rham algebra.
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Definition 3.2.1. A complex manifold (of complex dimension m) is a smooth manifold M with
an open cover M = ⋃

i Ui and coordinate maps φi : Ui → Cm such that the transition functions
φi ◦ φ−1

j : Cm → Cm are holomorphic.

Remark 3.2.2. Every complex manifold of complex dimension m is a smooth manifold of real
dimension 2m. Note that while a smooth manifold can always be covered by open subsets dif-
feomorphic to Rn, a general complex manifold cannot be covered by open subsets biholomorphic
to Cn. This phenomenon is due to the fact that C is not biholomorphic to a bounded open disc.

Some first examples of complex manifolds include Cn, any open subset of Cn, and CPn. We
will later work with some more interesting examples.

Definition 3.2.3. A holomorphic map between complex manifolds f : M → N is a smooth map
where the changes ψ ◦ f ◦φ−1 are holomorphic. A biholomorphic map is a bijective holomorphic
map whose inverse is also holomorphic.

Let U ⊆ Cn be an open subset. In particular, it is a 2n-dimensional smooth manifold, and
so for each x ∈ U , TxU has dimension 2n. A canonical basis of TxU is given by the tangent
vectors

∂

∂x1
, · · · , ∂

∂xn
,
∂

∂y1
, · · · , ∂

∂yn
,

where zi = xi + iyi are the standard coordinates of Cn. The vector space TxU admits a complex
structure I, given by

I

(
∂

∂xj

)
=
(
∂

∂yj

)
and I

(
∂

∂yj

)
= −

(
∂

∂xj

)
.

We can actually regard I as a bundle endomorphism I : TU → TU of the real tangent bundle
of U .

Proposition 3.2.4. Let f : U ⊂ Cn → Cn be a smooth map considered as a map from R2n to
itself. Then f is holomorphic if and only if the induced map

f∗ : T (Cn) −→ T (Cn)

is compatible with the complex structure, i.e., f∗ ◦ I = I ◦ f∗.

Proposition 3.2.5. The real tangent bundle TM of every complex manifold M is equipped with
a linear endomorphism

J : TM −→ TM such that J2 = −1.

Proof. It suffices to define J locally by J = φ−1
j∗ ◦ I ◦ φj∗, where φj : Uj → Cn is a coordinate

map. To see that this is well-defined, note that we have

φ−1
j∗ ◦ I ◦ φj∗ = φ−1

j∗ ◦ I ◦ φji∗ ◦ φi∗ = φ−1
j∗ ◦ φji∗ ◦ I ◦ φi∗ = φ−1

i∗ ◦ I ◦ φi∗

where we used the fact that φji := φj ◦ φ−1
i is holomorphic and hence compatible with I.

Definition 3.2.6. An almost complex structure on a smooth manifold M is a linear endomor-
phism J : TM → TM such that J2 = −1. The couple (M,J) is called almost complex manifold.
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Remark 3.2.7. If M has an almost complex structure, then it must be even-dimensional. Let
v ∈ TxM , then Jv and v are linearly independent. Thus every vector generates a 2-dimensional
subspace ⟨v, Jv⟩.

Definition 3.2.8. A map of almost complex manifolds is a smooth map f : M → N such that
J ◦ f∗ = f∗ ◦ J .

Theorem 3.2.9 (Newlander-Nirenberg integrability theorem). An almost complex structure J
on a smooth manifold M arises from the structure of a complex manifold if and only if NJ ≡ 0,
where NJ : TM ⊗ TM −→ TM is the Nijenhuis tensor

NJ(X,Y ) := [X,Y ] + J [X, JY ] + J [JX, Y ]− [JX, JY ].

Remark 3.2.10. An easy exercise shows that any almost complex structure in a manifold of
dimension 2 satisfies NJ ≡ 0. In particular, the above theorem implies that almost complex
manifolds of dimension 2 are always complex curves. This is not true in higher dimensions.
In real dimension 4, there exist almost complex manifolds that do not admit any integrable
complex structure. A well-known example is the filiform nilmanifold. In real dimension ≥ 6, it
is not known whether there exists an almost complex manifold that does not admit a complex
structure. In particular, it is unknown whether the sphere S6 admits the structure of a complex
manifold (the known almost complex structures on S6 are not integrable).

Example 3.2.11. Let g be a nilpotent Lie algebra with the property that there exists a basis
in g, {X1, X2, . . . , Xn}, such that the constants cijk arising in brackets

[Xi, Xj ] =
∑
k

cijk Xk

are rational numbers for all i, j, k. Malcev proved in [Mal62] that there is a discrete co-compact
subgroup Γ so thatG/Γ is a compact smooth manifold, where g is the Lie algebra of G. Manifolds
constructed in this way are called nilmanifolds.

On Λg∗, where g∗ denotes the dual of the vector space g, we can define a differential d given
by the dual to the bracket on indecomposable elements,

dxk(Xi, Xj) = −xk([Xi, Xj ]),

where {x1, . . . , xn} is the dual basis of g∗. As a consequence of Nomizu’s theorem, the commu-
tative differential graded algebra (cdga) (Λg∗, d) is a Sullivan minimal model of G/Γ.

Any almost complex structure on the Lie algebra g (i.e. any J : g → g with J2 = −id)
descends to a left invariant almost complex structure on the nilmanifold. This almost complex
structure is integrable (i.e., it arises from a holomorphic atlas) if and only if NJ = 0 at the Lie
algebra level.

Nilmanifolds provide a rich source of examples of complex manifolds. A main advantage is
that they can be studied using finite-dimensional Lie algebra data. We will use some concrete
examples of nilmanifolds, such as the Kodaira-Thurston manifold or the Iwasawa manifold, in
Sections 3.4 and 3.5.

Let M be an almost complex manifold of dimension 2m. Consider the complexification of its
tangent bundle TCM := TM ⊗R C. Then J extends to TCM by J(v ⊗ z) := J(v)⊗ z. Consider
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the ±i-eigenspaces of J on TCM , given by:

T 1,0M := {v ∈ TCM ; J(v) = +iv} and T 0,1M := {v ∈ TCM ; J(v) = −iv}.

This gives a direct sum decomposition

TCM = T 1,0M ⊕ T 0,1M.

The complex-type decomposition of the tangent bundle also arises in the cotangent bundle
T ∗
CM := T ∗M ⊗R C as follows. Define J : T ∗

CM −→ T ∗
CM by J(α(X)) := α(J(X)). It satisfies

J2 = −id, and its ±i-eigenspaces are given by

Λ1,0 := {α ∈ T ∗
CM ;α(Z) = 0 ∀Z ∈ T 0,1M},

Λ0,1 := {α ∈ T ∗
CM ;α(Z) = 0 ∀Z ∈ T 1,0M}.

Therefore,
T ∗
CM = Λ1,0 ⊕ Λ0,1.

Define Λp,q := Λp(Λ1,0) ⊗ Λq(Λ0,1). This induces a bigrading on the algebra of differential
forms with values in C:

AndR(M ;C) := AdR(M)n ⊗ C =
⊕

p+q=n
Ap,q,

where Ap,q is by definition the space of sections of Λp,q.

Since Ap,q is generated by A0,0, A0,1, and A1,0, one may verify that for all p, q ≥ 0, the
exterior derivative satisfies

d(Ap,q) ⊆ Ap−1,q+2 ⊕Ap,q+1 ⊕Ap+1,q ⊕Ap+2,q−1.

Therefore, we may write d = µ̄+ ∂̄ + ∂ + µ where the bidegrees of each component are given by

|µ̄| = (−1, 2), |∂̄| = (0, 1), |∂| = (1, 0), and |µ| = (2,−1).

The components ∂̄ and µ̄ are complex conjugate to ∂ and µ, respectively.

Expanding the equation d2 = 0 we obtain the following set of equations:

µ2 = 0
µ∂ + ∂µ = 0

µ∂̄ + ∂̄µ+ ∂2 = 0
µµ̄+ ∂∂̄ + ∂̄∂ + µ̄µ = 0

µ̄∂ + ∂µ̄+ ∂̄2 = 0
µ̄∂̄ + ∂̄µ̄ = 0

µ̄2 = 0

108



3.3. Differential forms on Kähler manifolds

Also, by expanding the Leibniz rule,

d(ω ∧ η) = dω ∧ η + (−1)|ω|ω ∧ dη,

we obtain a Leibniz rule for each component of d. Note as well that, by degree reasons, µ̄ and µ
vanish on functions, so both are linear over functions. In particular, (A∗,∗, µ̄) and (A∗,∗, µ) are
commutative differential bigraded algebras.

Note that any map of almost complex manifolds f : M → M ′ induces a morphism of differ-
ential graded algebras f∗ : AdR(M ′;C)→ AdR(M ;C) such that:

(i) f∗ preserves the (p, q)-decompositions: f∗(Ap,qM ′) ⊆ Ap,qM .

(ii) f∗ is compatible with d component-wise: if δ is any of the components µ̄, ∂̄, ∂ or µ of the
differential d, then f∗δ = δf∗.

The Nijenhuis tensor is encoded in the components µ and µ̄ of the exterior differential, thus
giving

Theorem 3.2.12. An almost complex manifold (M,J) is complex if and only if d = ∂ + ∂̄.

In particular, the complexified de Rham complex of a complex manifold AdR(M ;C) is a
bicomplex. When considering the wedge product of forms, we obtain a commutative bidifferential
bigraded algebra. We will denote by

H∂(M) := H∂(AdR(M ;C)) and H∂̄(M) := H∂(AdR(M ;C)),

the anti-Dolbeault and the Dolbeault cohomologies. We also will denote by

HBC(M) := HBC(AdR(M ;C)) and HA(M) := HA(AdR(M ;C)),

the Bott-Chern and Aeppli cohomologies. Then, the ABC-cohomology of the manifold is given
by HABC(M) = HBC(M)⊕ coker(HBC(M)→ HA(M)).

It is worth noting, as we did in Section 2.10, that the Dolbeault, anti-Dolbeault, and
Bott–Chern cohomologies carry a natural algebra structure induced by the wedge product of
forms. However, the Aeppli cohomology is only a module over the Bott–Chern cohomology. In
particular, the ABC-cohomology is not an algebra in general. We will see later how we can
endow this cohomology with a App∞-algebra structure.

3.3 Differential forms on Kähler manifolds
In this section, we briefly review some properties of an important class of complex manifolds, the
so-called Kähler manifolds. For our purposes, we will mainly focus on their de Rham algebra.

Definition 3.3.1. A Riemannian metric g on a complex manifold (M,J) is called Hermitian if
g(JX, JY ) = g(X,Y ) for all X,Y ∈ TM . Its associated fundamental form is defined as

ω(X,Y ) := g(JX, Y ).

Remark 3.3.2. Every complex manifold admits a Hermitian metric. Indeed, take a Riemannian
metric g and define

h(X,Y ) := g(X,Y ) + g(JX, JY ).
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The fundamental 2-form, considered as a form with values in C is a (1, 1)-form, that is,
ω ∈ A1,1

dR(M ;C). If M is of complex dimension n, then ωn is a volume form on M , in particular,
M is oriented.

Definition 3.3.3. A Kähler manifold is a complex manifold with a Hermitian metric such that
the associated fundamental form is closed: dw = 0.

Examples 3.3.4. First basic examples of Kähler manifolds include Cn, CPn, and any smooth
projective variety. Also, any complex curve is Kähler.

On a Kähler manifold, one obtains three operators d∗, ∂∗ and ∂̄∗ using the Hodge star
operator by

d∗ = − ∗ d∗, ∂∗ = − ∗ ∂∗, ∂̄∗ = − ∗ ∂̄∗,

where
d∗ : Am −→ Am−1, ∂∗ : Ap,q −→ Ap−1,q, ∂̄∗ : Ap,q −→ Ap,q−1.

The bicomplex equations for ∂ and ∂̄ give bicomplex equations for ∂∗ and ∂̄∗: (∂∗)2 = (∂̄∗)2 =
[∂∗, ∂̄∗] = 0. The Laplacians associated with these operators are defined by

∆d = dd∗ + d∗d, ∆∂ = ∂∂∗ + ∂∗∂, ∆∂̄ = ∂̄∂̄∗ + ∂̄∗∂̄.

The space of harmonic forms with respect to ∆δ is

Hp,qδ = (ker ∆δ) ∩Ap,q,

where δ denotes d, ∂ or ∂̄. We can define as well Green operators Gδ, associated with ∆δ.

Theorem 3.3.5. If M is a Kähler manifold, we have

∆d = 2∆∂ = 2∆∂̄ and [∂, ∂̄∗] = 0.

Remark 3.3.6. In fact, the converse was proven in [Oga70]. However, it is not known if the
equality [∂, ∂̄∗] = 0, which follows from the first two, implies Kähler.

By Theoriem 3.3.5, ∆d respect bidegrees, and ∆∂ and ∆∂̄ are real operators. This fact,
together with Theorem 3.1.4, implies the following.

Theorem 3.3.7. Let M be a compact Kähler manifold. Then we have an isomorphism

Hk
dR(M)⊗R C ∼=

⊕
p+q=k

Hp,q

∂̄
(M), and Hp,q

∂̄
(M) = H

q,p

∂̄ (M).

The above theorem gives topological obstructions for a compact manifold to be Kähler. First,
we have

bk =
∑

p+q=k
hp,q and hp,q = hq,p = hn−q,n−p,

where hp,q := dimHp,q

∂̄
(M) are the Hodge numbers. In particular, Betti numbers of odd degree

are always even. A deeper result on the topology of compact Kähler manifolds is the formality
theorem of Deligne, Griffiths, Morgan, and Sullivan [DGMS75]. They prove it by noting that
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the complexified de Rham algebra of a compact Kähler manifold satisfies the ∂∂̄-property (see
Section 1.1). For readability, let us recall:

Definition 3.3.8. A complex manifold M is said to satisfy the ∂∂̄-property if

Ker(∂) ∩ Im(∂̄) = Ker(∂̄) ∩ Im(∂) = Im(∂∂̄).

Aside from Kähler manifolds, any compact complex manifolds admitting a proper Kähler
modification also satisfies the ∂∂̄-property.

Theorem 3.3.9 ([DGMS75]). Any compact complex manifold satisfying the ∂∂̄-property is for-
mal in the sense of Sullivan: there are quasi-isomorphisms of cdga’s

AdR(M) ∼← • ∼→ H∗(M),

where H∗(M) is viewed as a cdga with trivial differential.

3.4 Massey products in complex geometry
In their study of the topology of complex manifolds, Angella and Tomasini [AT15] introduced
triple Massey-type products for Bott–Chern and Aeppli cohomologies (called ABC-Massey prod-
ucts). In this section, we describe an explicit relation between these products and the App∞-algebra
structure arising from the homotopy transfer theorem. The results of this section appear in
[CGVSG25].

Let (A, ∂, ∂̄, ·) be a bidifferential bigraded algebra. Recall from Section 2.10 and Section 3.2
that HBC(A) has an algebra structure induced by the product of the algebra and HA(A) has the
structure of a HBC-module.

We next recall the Aeppli-Bott-Chern-Massey (ABC-Massey) products defined in [AT15].

Definition 3.4.1. Let [x], [y], [z] ∈ HBC(A) be three Bott-Chern cohomology classes such that
[x] · [y] = [y] · [z] = 0. The triple ABC-Massey product ⟨[x], [y], [z]⟩ is defined as the following set
of Aeppli classes:

⟨[x], [y], [z]⟩ := {[x · v − u · z] | ∂∂̄u = x · y, ∂∂̄v = y · z} ⊂ HA(A).

The triple ABC-Massey product is said to be trivial if 0 ∈ ⟨[x], [y], [z]⟩.

Let us remark that in [AT15] a different sign convention is used. We are sticking to the
sign convention in [MS24] instead. Also, in these references, the triple product is defined as an
element in the coset space

HA(A)
[x] ·HA(A) + [z] ·HA(A)

rather than as a set of Aeppli classes. Both viewpoints are equivalent. In particular, a triple
ABC-Massey product is trivial if and only if it is zero in the above coset space.

When applied to the complexified de Rham algebra of a complex manifold, triple ABC-
Massey products yield new holomorphic invariants with a homotopy–theoretic flavor. Moreover,
in [MS24], these Massey-type operations were shown to obstruct the notions of strong and weak
formality associated with pluripotential weak equivalences, see Section 3.5.
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Interestingly, ABC-Massey products need not vanish in many situations where ordinary
Massey products do. The standard proof of formality for compact Kähler manifolds of [DGMS75]
relies on the ∂∂̄-property, but Sferruzza and Tomassini [ST22] constructed an example of a
compact manifold satisfying the ∂∂̄-property while admitting a nontrivial ABC-Massey product
(see Example 3.4.5). Subsequently, [PSZ24] showed that any closed Riemann surface of genus
at least two carries a nontrivial ABC-Massey product. In particular, even compact Kähler
manifolds may exhibit such nontrivial ABC-Massey products. The examples in [PSZ24] do
not have restricted holonomy, leaving open the question of whether Calabi-Yau or hyperkähler
manifolds are strongly formal. This was answered negatively for the Calabi-Yau case in the
recent work [MMS25].

There are further contexts in which ABC-Massey products have been employed to obstruct
the existence of certain metrics, for example in [ST23], [ST24], and [ST25]. Additional results
on triple ABC-Massey products may be found in [TT17], [CT25], and [Rub25].

In [MS24], Milivojević and Stelzig introduce higher Aeppli-Bott-Chern Massey products, ex-
tending the notion of triple ABC-products, and prove that they are invariant under pluripotential
weak equivalences. These higher ABC-Massey products take inputs and land in non-standard
cohomology groups. Indeed, the possible targets of these products involve cohomology groups
of the Bigolin complex (see Section 1.3) and their input and landing spaces depend on auxiliary
choices. Moreover, they are not very accessible or computable in practice.

In contrast to these partially defined products, the homotopy transfer theorem for bidif-
ferential bigraded algebras provides a robust homotopical framework for understanding higher
products in cohomology. More precisely, in Section 2.10, we show that a minimal bicomplex (for
instance, the HABC-cohomology of a bba) can be endowed with a App∞-algebra structure that en-
codes the full homotopy type of the original algebra. In practice, this yields genuine operations,
all acting on a single (typically small) space, which collectively capture all the relevant homo-
topical information. Moreover, [CGVSG25] presents a package ([GV24]) for computing such
arity-3 products (which can be extended to higher arities), demonstrating that these operations
are indeed computable.

We now explain the relation between triple ABC-Massey products and a transferred struc-
ture. Using Proposition 1.2.4, given a contraction into a minimal bicomplex (H, ∂, ∂̄), we may
define a new contraction

(A, ∂, ∂̄) (HABC(A), ∂, ∂̄),
f

g
h (C)

where f : A↠ H
∼=−→ HABC(A) and g : HABC(A)

∼=−→ H ↪→ A.
Applying the homotopy transfer theorem (Theorem 2.10.13) to this contraction yields an

App∞-structure on HABC(A) together with a pp∞-weak equivalence

HABC(A)⇝ A.

By Theorem 2.8.6, the transferred structure on HABC(A) encodes the homotopy type of A.
From now on, we will write µ3 := µ-1,-1

3 , for the transferred arity 3 operation of bidegree
(−1,−1).
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Proposition 3.4.2. Given [x], [y], [z] ∈ HBC(A) such that [x]·[y] = [y]·[z] = 0 and a contraction
(f, g, h) as C, we have

−[gµ3([x], [y], [z])]A ∈ ⟨[x], [y], [z]⟩,

where [−]A denotes taking the Aeppli cohomology class.

Proof. Note first that there is an inclusion HBC(A) ⊆ HABC(A), so we may view such classes in
ABC-cohomology. Write x = g([x]), y = g([y]) and z = g([z]). Since [x] · [y] = [y] · [z] = 0, we
may choose an element u such that

∂∂̄u = x · y and h(x · y) = −u.

In the same way, we can choose v such that

∂∂̄v = y · z and h(y · z) = −v.

This gives the following

µ3([x], [y], [z]) = f(h(x · y) · z − x · h(y · z)) = f(−u · z + x · v).

Thus, we obtain
[gµ3([x], [y], [z])]A = [x · v − u · z]A ∈ ⟨[x], [y], [z]⟩.

Corollary 3.4.3. Let [x], [y], [z] ∈ HBC(A) such that [x] · [y] = [y] · [z] = 0. If µ3([x], [y], [z]) = 0
then the triple ABC-Massey product ⟨[x], [y], [z]⟩ is trivial.

Remark 3.4.4. This reflects the situation observed in the ordinary case. Indeed, the triple
products ofA∞-structures arising from homotopy transfer theory always detect Massey products.
That is,

±µ3(a, b, c) ∈ ⟨a, b, c⟩.

(see, for example, [BMFM20]). Consequently, if µ3(a, b, c) = 0, the corresponding Massey
product must also vanish.

In [BMFM20], an explicit relationship is established between A∞-structures and ordinary
higher Massey products. We expect that an analogous phenomenon should hold for pluripoten-
tial A∞-algebras and higher ABC-Massey products. Although we do not develop this here, we
believe it is an interesting direction for future work.

The following example exhibits the phenomenon described in Proposition 3.4.2. The com-
putations presented here are extracted from [CGVSG25] and use the Sage package [GV24].

Example 3.4.5. The following procedure, explained in [ST22], gives a compact ∂∂̄-manifold
by constructing an orbifold of global quotient type out of the Iwasawa nilmanifold.

Consider the action σ : C3 −→ C3 given by σ(z1, z2, z3) = (iz1, iz2,−z3). This gives a well-
defined action on the Iwasawa manifold. The resulting quotient M = I3/⟨σ⟩ is a compact
orbifold with 16 isolated singular points. By Theorem 7.1 of [ST22], the orbifold M admits a
resolution into a smooth ∂∂̄-compact manifold. The sub-algebra Aσ(M) of A(I3) of differential
forms which are left invariant for the action of H(C) and σ-invariant is generated by the elements

aa, bb, cc, ab, ba, cab, abc, abc, abc.
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The only non-trivial differentials being

∂(cc) = −abc, ∂(cab) = −abab

and their complex conjugates. This algebra satisfies the ∂∂̄-condition and so in particular, all
cohomologies (including Dolbeault, Bott-Chern, Aeppli and ABC) coincide. In Table 3.1 it is
indicated a basis for the cohomology in each bidegree.

[abc] [abcabc]

[acac], [acbc],
[bcac], [bcbc]

[aa], [ab],
[ba], [bb]

1 [abc]

Table 3.1: A basis for the cohomology of M .

In [ST22], a non-trivial ABC-Massey product is computed on M :

⟨[aa], [bb], [bb]⟩ABC ∈
H2,2

A (M)
[aa] ·H1,1

A (M) + [bb] ·H1,1
A (M)

,

which is represented by the nonzero Aeppli cohomology class [bcbc] ∈ H2,2
A (M).

We define contraction

(A, ∂, ∂̄) (HABC(A), ∂, ∂̄)
f

g
h

as follows: the map g is induced by the identity on all elements. The map f is induced by the
identity, except for the following elements, which belong to a square and for which f is zero:

cab // abab

cc

OO

// abc

OO

The homotopy h is given by
h(abab) = cc

and zero otherwise.
Applying the homotopy transfer theorem we obtain that the µ3-product is non-trivial only

when all 3 inputs have bidegree (1, 1). We obtain

µ3([aa], [bb], [bb]) = [bbcc]

which gives precisely the ABC-Massey product computed in [ST22].

114



3.5. Formality of complex manifolds

3.5 Formality of complex manifolds
We next recall the two notions of weak and strong formality associated with pluripotential
homotopy theory in the case of complex manifolds. Of course, any complex manifold M is
a smooth manifold, and we may consider its real homotopy type, encoded in AdR(M). If
this algebra is a formal commutative differential graded algebra (cdga), we will say that M is
de Rham formal. Note that de Rham formality means that AdR(M) can be connected by a
zigzag of quasi-isomorphisms of cdga’s to a cdga whose underlying chain complex is minimal.
Such an algebra is then isomorphic, as a cdga, to the de Rham cohomology of the manifold.

In the category BiCok with pluripotential weak equivalences, minimality is equivalent to the
condition ∂∂̄ = 0. There is, however, a stronger property that also implies minimality, namely
the vanishing of both differentials. This motivates the following two definitions [MS24].

Let M be a complex manifold and AdR(M ;C) = AdR(M) ⊗ C its complexified de Rham
algebra.

Definition 3.5.1. A complex manifold M is called:

1. Weakly formal if AdR(M ;C) is connected by a chain of pluripotential weak equivalences
of cbba’s to a cbba H satisfying ∂H ∂̄H = 0.

2. Strongly formal if AdR(M ;C) is connected by a chain of pluripotential weak equivalences
of cbba’s to a cbba H satisfying ∂H = ∂̄H = 0.

Remark 3.5.2. Note that strong formality implies weak formality. Also, strong formality
implies the ∂∂̄-property, and hence de Rham formality, so we may take H to be HBC(M).
Moreover, for ∂∂̄-manifolds, the notions of weak and strong formality coincide.

The following is proved in [MS24]. We will state the result only for triple products, but their
results hold more generally.

Proposition 3.5.3. On a weakly formal manifold, all triple ABC-Massey products vanish.

By homotopy transfer (Theorem 2.11.4), there is a Cpp∞ -algebra (H, ∂, ∂̄, {ν∗,∗
• }) satisfying

∂∂̄ = 0, and a pp∞-weak equivalence of Cpp∞ -algebras g = (g, {g∗,∗
• }) : H ⇝ AdR(M ;C). This

construction detects formality in the following sense:

Proposition 3.5.4. If the operations νp,qn vanish for all n ≥ 3, then M is weakly formal.
Moreover, if M satisfies the ∂∂̄-property, it is strongly formal.

Proof. If νp,qn = 0 for n ≥ 3, the bicomplexH with the transferred Cpp∞ -structure is a commutative
bidifferential bigraded algebra. So we have two cbba’s connected by a pp∞-weak equivalence
of Cpp∞ -algebras. This means that the two algebras are isomorphic in the homotopy category
Ho(∞-Cpp∞ -Alg). By Theorem 2.8.6, we conclude that they are isomorphic in Ho(CBBA), where
CBBA denotes the category of commutative bidifferential bigraded algebras.

We present two examples of formal complex manifolds from [MS24].

Example 3.5.5. The Kodaira-Thurston manifold KT is an example of a complex manifold that
is not Kähler. It is defined as the quotient of the Lie group consisting of real matrices of the
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form 
1 u1 u3 0 0
0 1 u2 0 0
0 0 1 0 0
0 0 0 1 u4
0 0 0 0 1


by the subgroup of matrices with integer entries. The Lie algebra of left-invariant vector fields
is generated by V1, V2, V3, V4, with the only nontrivial bracket relation [V1, V2] = −V3.

After dualizing, one obtains a Sullivan model for KT:

(Λ(v1, v2, v3, v4), dv3 = v1v2),

given by the cdga of left-invariant one-forms. A left-invariant complex structure is given by
J(v1) = v2 and J(v3) = v4. After complexification, define x = v1− iv2 and y = 2i(v3− iv4). This
yields a bigraded model of the complex manifold:

(Λ(x, x̄, y, ȳ), dy = xx̄),

where x and y are of bidegree (1, 0).
The natural inclusion of this bigraded algebra into the complex of differential forms on KT

is a pluripotential weak equivalence. Indeed, it is a Dolbeault quasi-isomorphism [Rol11].
Note that this model satisfies ∂∂̄ = 0, this shows that the Kodaira Thurston manifold is

weakly formal.
This example illustrates that weak formality does not imply either the ∂∂̄-property or

de Rham formality. Indeed, it is straightforward to see that this manifold does not satisfy
the ∂∂̄-property. Moreover it is not de Rham formal, since it has a non-trivial (classical) Massey
product given by ⟨x, x, x⟩.

Example 3.5.6. Let M be the Hopf surface obtained as the quotient

(C2 \ {0})/Z,

where Z acts via scaling with a real constant |λ| with |λ| ̸= 0, 1. It is diffeomorphic to S3 × S1.
It is de Rham formal, however, it does not satisfy the ∂∂̄-property.

By [Ste25a, Lemma 3.10], the following cbba is pluripotentially weakly equivalent to the
cbba of forms on M ,

A = (Λ(x, x̄, y, z, ∂z, ∂̄z), dx = −dx̄ = y, ∂∂̄z = iy2),

where M has bidegree (1, 0) and both y and z have bidegree (1, 1).
Recall from Section 1.1 that every bicomplex admits a (non-canonical) decomposition as the

direct sum of a minimal bicomplex (i.e., one satisfying ∂∂̄ = 0) and a bicomplex consisting
entirely of squares. We decompose the bicomplex A as

A ∼= H ⊕Asq,

where H is the following minimal bicomplex
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yx

x y
xx xy

x

Following Proposition 1.2.4, we construct a contraction

(A, ∂, ∂̄) (H, ∂, ∂̄).
f

g
h

The map f : A ↠ H and the map g : H ↪→ A are defined by the projection and inclusion,
respectively.

Note that
H ·Asq ⊆ Asq and Asq ·Asq ⊆ Asq.

Moreover, by construction,
h(A) ⊆ Asq.

We now apply Lemma 2.11.3 to construct a Cpp∞ -structure {ν∗,∗
• } on H and a pp∞-weak equivalence

g : H ⇝ A. Recall from Remark 2.10.5 that the Cpp∞ -structure is given by

νp,qn =
∑

k+ℓ=n

∑
p1+p2=p
q1+q2=q

(−1)εf(gp1,q1
k · gp2,q2

ℓ )

and
gp,qn =

∑
k+ℓ=n

∑
p1+p2−α=p
q1+q2−β=q

(−1)εhαβ(gp1,q1
k · gp2,q2

ℓ ),

for n ≥ 2 where hαβ is either h11 := h, h10 := [∂̄, h], or h01 := −[∂, h] and g1 = g.
It follows that ν∗,∗

n = 0 for all n ≥ 3, and hence M is weakly formal.

Examples of strongly formal manifolds will be given in Section 3.6. To conclude, we sum-
marize the results of this and the previous section in the diagram of implications of Figure 3.1,
where gray arrows indicate confirmed non-implications. The initials on the gray arrows indicate
the counterexamples to the corresponding non-implications: KT refers to the Kodaira-Thurston
manifold, ST denotes the manifold constructed by Sferruzza and Tomassini in [ST22] (reviewed
in Section 3.4), and PZS stands for any of the examples presented in [PSZ24], for instance, a
closed Riemannian surface of genus at least 2.

3.6 Cyclic App
∞-structures in Kähler geometry

We show that for a compact Kähler manifold, there is always a cyclic contraction of its complex-
ified de Rham algebra into the space of harmonic forms. We then endow the space of harmonic
forms with a cyclic pluripotential A∞-structure and present an alternative proof of the strong
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trivial transferred
Cpp∞ -structure

weak formality strong formality de Rham formality

∂∂̄-property

vanishing of
ABC-Massey

products

compact
Kähler

vanishing of
Massey products

KT

KT
ST

ST

PZS

KT

ST

Figure 3.1: Diagram of implications

formality of Kähler manifolds whose Hodge diamond coincides with that of a complete intersec-
tion, as discussed in Section 3 of [Ste25a].

Let M be a compact oriented smooth manifold of dimension n. The de Rham algebra
AdR(M) carries a graded symmetric bilinear form of degree n,

⟨−,−⟩ : AdR(M)×AdR(M) −→ R,

defined by
⟨ω, η⟩ :=

∫
M
ω ∧ η,

whenever |ω|+ |η| = n, and zero otherwise.
If M is a complex manifold of complex dimension n, we will also denote by ⟨ , ⟩ the linear

extension of this bilinear form to the complexified de Rham algebra, which is a bilinear form of
bidegree (n, n).

Remark 3.6.1. Note that this pairing is non-degenerate, since for any form α ∈ AkdR(M), we
have

⟨α, ⋆α⟩ = (α, α) = 0 if and only if α = 0.

Here, ⋆ denotes the Hodge star operator. Moreover, let α, β ∈ AkdR(M ;C). Note that, by
definition,

⟨⋆α, β⟩ = (−1)k(n−k)⟨α, ⋆β⟩.

This implies
⟨d∗α, β⟩ = (−1)|α|+1⟨α, d∗β⟩,

and consequently,
⟨∆α, β⟩ = ⟨α,∆β⟩.

Here, d∗ denotes the adjoint of d in the sense of Hodge theory, and ∆ denotes the Laplacian,
see Section 3.1.
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Recall from Definition 2.13.1 that a contraction (f, g, h) of a bicomplex endowed with a
bilinear form is said to be cyclic if the linear maps h and the composition gf are compatible
with the pairing.

Proposition 3.6.2. Let M be a compact Kähler manifold. Then, the complexified de Rham
complex AdR(M ;C) admits a cyclic contraction into the space of harmonic forms

AdR(M ;C) H
h f

g

satisfying the unital side conditions:

f ◦ h = 0, h ◦ g = 0, h ◦ h = 0, h∂h = 0, h∂̄h = 0 and h(1) = 0.

Proof. By Hodge theory (Theorem 3.1.3) there is a decomposition

AdR(M ;C) = H(M)⊕ Im∆, (3.1)

where ∆ denotes the Laplacian with respect to d. Define

f : AdR(M ;C)↠ H(M) and g : H(M) ↪→ AdR(M ;C)

to be the obvious projection and injection. Now, we construct a pluripotential homotopy

h : AdR(M ;C) −→ AdR(M ;C)

as
h = 4∂∗G∂̄∗G,

where G is the Green operator, see Section 3.1. By Theorem 3.3.5, we have ∆∂ = ∆∂̄ = 1
2∆,

[∂, ∂̄∗] = 0 and [∂̄, ∂∗] = 0. Moreover, ∂ and ∂̄ commute with both the Green operator and the
Laplacian. This implies

[∂, [∂̄, ∂∗G∂̄∗G]] = −[∂, ∂∗G∆∂̄G] = −∆∂G∆∂̄G.

In view of the splitting 3.1, we can write every form η in AdR(M ;C) as ηH + ∆b, and we obtain

[∂, [∂̄, h]](ηH + ∆b) = −4∆∂G∆∂̄G(ηH + ∆b) = −4∆∂G(1
2∆b) = −∆(b) = (gf − id)(ηH + ∆b).

Now we see that it is compatible with the bilinear form ⟨ , ⟩ : AdR(M ;C)×AdR(M ;C)→ C.
On the one hand,

⟨gfx, y⟩ = ⟨x, gfy⟩

since the decomposition 3.1 is orthogonal with respect to the bilinear form. On the other hand,
by Remark 3.6.1, ∂∗, ∂̄∗ and G satisfy

⟨Gx, y⟩ = ⟨x,Gy⟩, ⟨∂∗x, y⟩ = (−1)|x|+1⟨x, ∂∗y⟩ and ⟨∂̄∗x, y⟩ = (−1)|x|+1⟨x, ∂̄∗y⟩
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which implies
⟨hx, y⟩ = ⟨x, hy⟩.

Finally, we show that the unital side conditions are satisfied. Note that h(1) = 0 is satisfied by
degree reasons. Since fG = Gg = 0 and ∂∗∂∗ = 0,

f ◦ h = 0, h ◦ g = 0 and h ◦ h = 0.

Now,
h∂h = 16∂∗G∂̄∗G∂∂∗G∂̄∗G = 0

since [∂, ∂̄∗] = 0 and ∂̄∗∂̄∗ = 0. Similarly, we obtain h∂̄h = 0 which completes the proof.

Remark 3.6.3. Note that the restriction of the bilinear form to the space of harmonic forms is
non-degenerate as well, since the Hodge decomposition is orthogonal with respect to the total
bilinear form.

The contraction of Proposition 3.6.2 satisfies the conditions of Lemma 2.12.5 and Theo-
rem 2.13.6, hence we obtain the following result

Theorem 3.6.4. Let M be a compact Kähler manifold and let (H, ⟨ , ⟩) be the space of harmonic
forms endowed with the restriction of the bilinear form

⟨ , ⟩ : AdR(M ;C)×AdR(M ;C)→ C.

There is a unital cyclic Cpp∞ -structure (H, ⟨ , ⟩, {ν∗,∗
• }) and a unital cyclic Cpp∞ -weak equivalence

of Cpp∞ -algebras g : H⇝ AdR(M ;C).

Remark 3.6.5. Note that, since the differentials ∂ and ∂̄ vanish on the space H of harmonic
forms of a complex manifold, by Remark 2.10.14, any Cpp∞ -structure {ν∗,∗

• } on H must satisfy
νp,qk = 0 if p+ q = 2− k.

Proposition 3.6.6. Let M be a compact Kähler manifold of complex dimension n and let
(H, ⟨ , ⟩, {ν∗,∗

• }) be any unital cyclic Cpp∞ -structure on the space of harmonic forms. Then, the
products νp,qk (a1, . . . , ak) for k ≥ 3 landing in top bidegree (n, n) vanish.

Proof. Suppose νp,qk (a1, . . . , ak) lands in bidegree (n, n). Since νp,qk is cyclic and unital we have

⟨νp,qk (a1, . . . , an), 1⟩ = ⟨νp,qk (1, a1, . . . , an−1), an⟩ = 0.

This implies νp,qk (a1, . . . , an) = 0.

Let M be a compact Kähler manifold of complex dimension n. We say it has a Hodge
diamond which matches that of a complete intersection if, denoting by δ = 1 if n/2 ∈ Z, and
δ = 0 otherwise, the Hodge numbers are given by:

hp,q(M) =



1 if p = q ̸= n/2,
dp,q if p+ q = n and p ̸= q,

dp,q + δ if p+ q = n and p = q,

0 otherwise,
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where dp,q denotes the dimension of the space of primitive harmonic (p, q)-forms.
For example, the Hodge diamonds for n = 2 and n = 3 are:

For n = 2:
1

0 0
d2,0 d1,1 + 1 d0,2

0 0
1

For n = 3:
1

0 0
0 1 0

d3,0 d2,1 d1,2 d0,3
0 1 0

0 0
1

There are many examples of such manifolds. Of course, every complete intersection is an
example. But there are other examples, for instance, any Kähler surface with vanishing first
Betti number.

Theorem 3.6.7 (cf. Theorem 3.5 in [Ste25a]). Any compact Kähler manifold M of complex
dimension n ≥ 2 with the Hodge diamond of a complete intersection is strongly formal.

Proof. We apply Theorem 3.6.4 to construct a unital cyclic Cpp∞ -structure on the space of har-
monic forms (H, ⟨ , ⟩, {ν∗,∗

• }) and a pp∞-weak equivalence of Cpp∞ -algebras g : H⇝ AdR(M ;C). By
Proposition 3.5.4, we just need to show that

νp,qk = 0 for all k ≥ 3.

By Remark 3.6.5, νp,qk = 0 if p + q = 2 − k. Let a1, . . . , ak ∈ H and k ≥ 3. First, note that if
ai = ωℓi for all i = 1, . . . , k where ωℓi denotes a power of the Kähler form, we have

νp,qk (a1, . . . , ak) = 0,

for all k ≥ 3. Indeed, recall from Lemma 2.10.4 that the maps νp,qn are defined as

νp,qn =
∑
±f(hα1,β1(mp1,q1

k ) · hα2,β2(mp2,q2
ℓ ))g⊗n.

Here (f, g, h) is the contraction data given in Proposition 3.6.2. Recall also that hαβ is either
h, [∂̄, h] or −[∂, h]. The maps mi,j

k are constructed using the wedge product in AdR(M ;C) and
the homotopies h, [∂̄, h] or −[∂, h]. Since h vanish on harmonic forms, we have mi,j

k = 0 when
applied to powers of the Kähler form for any k ≥ 3.

Suppose now that there are r elements of {a1, . . . ak} such that aj ̸= ωℓj . This implies |aj | =
n. Since the Cpp∞ -structure is unital, the lower bidegree of a non trivial product νp,qk (a1, . . . , ak)
is then reached when the rest of the elements are the Kähler form, of bidegree (1, 1). If r ≥ 2
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we have

|νp,qk (a1, . . . , ak)| ≥ 2n+ 2(k − 2)− k + 1 = 2n+ k − 3 ≥ 2n for all k ≥ 3.

Therefore, νp,qk (a1, . . . , ak) vanishes by Proposition 3.6.6.
If r = 1, then

⟨νp,qk (a1, . . . , ak), b⟩ = 0,

for all b ∈ H. Indeed, for the pairing to be non-zero we need |b| < n, but then b must be a power
of the Kähler form or a unit. Let aj ̸= ωℓ, we have

⟨νp,qk (a1, . . . , ak), b⟩ = ±⟨νp,qk (aj+1, . . . , b, . . . , aj−1), aj⟩ = 0,

either if b is a unit or a power of the Kähler form.
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